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Preface

This volume is dedicated to Jean-Pierre Jouannaud on his 60th birthday. It con-
tains refereed contributions by leading researchers in the different areas spanned
by Jean-Pierre Jouannaud’s work. These papers were presented at the sympo-
sium held in Cachan near Paris, on June 21-22, 2007, in Jean-Pierre Jouannaud’s
honor.

Jean-Pierre has deeply influenced, and is still influencing, research in Infor-
matics, through the many important results he has produced in various research
fields, through the generations of scholars he has educated, and through the role
he has played in helping the Informatics discipline to reach maturity and its
place among the other disciplines.

Jean-Pierre’s Origins and Contributions

Jean-Pierre defended his first thesis in 1972 on “Filtres digitaux autoadaptifs :
algorithmes de calcul et simulation”. Together with the emergence of Informatics,
he then moved to more symbolic topics and, as assistant professor at the uni-
versity of Paris 6 in Jussieu, he defended his “thése d’état” in 1977 entitled “Sur
I'inférence et la synthese automatiques de fonctions LISP a partir d’exemples”.
This led him to investigate the foundational concepts emerging at that time:
lambda-calculus and rewriting.

Jean-Pierre then played a leading role in rewriting and its technology: he
introduced this field in Nancy, when he took up an Associate Professor position
in 1979, and founded there, together with Pierre Lescanne, the Eureca team
that got the CNRS silver medal in 1986. He was also at the origin of the RTA
(Rewriting Techniques and Applications) conference series in 1985. In this do-
main Jean-Pierre’s major contributions spanned to unification, rewriting and
completion modulo, conditional rewriting, termination proofs, modular proper-
ties, and automated proofs by induction in rewrite theories.

During his one year sabbatical at SRI International in 1984-85, Jean-Pierre
Jouannaud developed further his strong interest for algebraic specification
languages and their efficient implementation. He contributed with Kokichi Fu-
tatsugi, Joseph Goguen and José Meseguer to the design, semantics and imple-
mentation of OBJ2. Further important contributions of Jean-Pierre Jouannaud
concern order-sorted algebras and more recently membership equational logic,
an essential feature of the Maude system.

In 1985, Jean-Pierre moved to the university of Paris Sud in Orsay, where
he became full professor in 1986. There he founded the Demons team, which
focused on automated deduction and constraint solving. Then, with interactions
in particular with Gérard Huet, his interests widened to higher-order rewriting
and the calculus of constructions. He contributed to strong results on the in-
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tegration of rewriting and deduction leading to the design of proof assistants
with rewriting as a first-class concept. His results on termination of higher-order
rewriting are also leading the way.

In recognition of these outstanding scientific achievements, he was awarded
the “Prix Montpetit” from the French Academy of Sciences in 2000.

Jean-Pierre started several international collaborations and forged scientific
links and friendships, which continue over the years, in particular in the USA,
Canada, Argentina, Spain, Japan and Taiwan. The outcomes were formal joint
research projects (especially through NSF grants and European working groups),
general collaboration agreements, such as the French-Taiwanese collaboration,
which has been awarded a “Grand Prix” from the French Academy of Science,
or simply intensive visits both ways.

To promote and animate the theoretical computer science community has
been and remains one of his concerns. He was a member of the CNU (National
University Council), a member of the CNRS national committee, and he is head-
ing with great success the computer science laboratory at Ecole Polytechnique.

Jean-Pierre has exceptional qualities as a research team manager and as a
supervisor of students. His work with his students has always involved a close,
friendly relationship, a daily meeting, weekly encouragements, monthly enter-
tainment and a close care of the future of the students. One of the keys of
Jean-Pierre Jouannaud as a research team manager is his motto: “enjoy!”. Enjoy
everything that is good, which includes working together on research prob-
lems, and also drinking good wine, eating good food, skiing, climbing, wind-
surfing,... The best being to combine several of these activities. Having fun
working together, it is easy to spend hours on a problem, to launch new projects,
to arouse enthusiasm among students.

Jean-Pierre Jouannaud’s Doctoral Descendants

Jean-Pierre is an excellent teacher. He not only knows how to motivate work
on difficult and rich concepts, but he has also a profound understanding of their
deep properties and relationships. He loves to communicate his knowledge, know-
how and real enthusiasm. He has lectured generations of students and liked to
be involved in doctoral teaching. His ideas and practice have strongly influenced
many PhD students.

The following table summarizes his doctoral descendants. We have tried to
be as exhaustive as possible, and we did not take into account the many students
that will defend after 2007. A few persons appear several time, as they have been
supervised by two people.

1. Jean-Pierre Treuil, 1978: LQAS : Un systéme question-réponse qui acquiert
ses connaissances par apprentissage;

2. Fernand Reining, 1981: L’Ordre de Décomposition : un Outil Incrémental
pour Prouver la Terminaison Finie des Systémes de Réécriture équationnels;
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3. Jean-Luc Rémy, 1982: Etude des systémes de Réécriture Conditionnels et
Applications aux Types Abstraits Algébriques;
(a) Hantao Zhang, 1984: REVEURA4 : Etude et mise en auvre de la réécriture
conditionnelle;
(b) Wadoud Bousdira, 1990: Etude des Propriétés des Systémes de Réécri-
ture Conditionnelle. Mise en Oeuvre d’un Algorithme de Complétion;

4. Claude Kirchner, 1982: Résolution d’gquations dans les algébres libres et les
variétés équationnelles d’algébres;
(a) Jalel Mzali, 1986: Méthodes de filtrage équationnel et de preuve automa-
tique de théorémes;
(b) Pierre Réty, 1988: Methodes d’unification par surréduction;
i. Jacques Chabin, 1994: Unification générale par surreductlon ordon-
née contrainte et surréduction dirigée;
ii. Sébastien Limet, 1996: Unification dans la programmation logico-
équationnelle;
A. Pierre Pillot, 2007: Utilisation des langages d’arbres pour la mod-
glisation et la vérification de systémes a états infinis;
iii. Julie Vuotto, 2004: Langages d’arbres réguliers et algébriques pour la
réécriture et la vérification;
(c¢) Aristide Mégrelis, 1990: Algébre galactique — Un procédé de
calcul formel;
(d) Eric Domenjoud, 1991: Outils pour la déduction automatique dans les
théories associatives-commutatives;
(e) Mohamed Adi, 1991: Calculs associatif et commutatifs. Etude et réalisa-
tion du systéme UNIF 4¢;
Patrick Viry, 1992: La réécriture concurrente;
Francis Klay, 1992: Unification dans les Théories Syntaxiques;
i. Karim Berkanu, 2003: Un cadre méthodologique pour I'intégration de
services par évitement des interactions;
ii. Stéphanie Delaune, 2006: Veérification des protocoles cryptographiques
et propriétés algébriques;
(h) Marian Vittek, 1994: ELAN : Un cadre logique pour le prototypage de
langages de programmation avec contraintes;
(i) Pauline Strogova, 1996: Techniques de R&écriture pour le Traitement de
Probleme de Routage dans des Graphes de Cayley;
(j) Tlies Alouini, : Etude et mise en oeuvre de la réécriture conditionnelle
concurrente sur des machines paralléles & mémoire distribuée;
(k) Farid Ajili, 1998: Contraintes Diophantiennes Lingaires : résolution et
coopération inter-résolveurs;
(1) Carlos Castro, 1998: Une approche déductive de la résolution de prob-
Iemes de satisfaction de contraintes;
(m) Christelle Scharff, 1999: Déduction avec contraintes et simplification dans
les théories équationnelles;
(n) Horatiu Cirstea, 2000: Calcul de réécriture : fondements et applications;
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i. Clara Bertolissi, 2005: The graph rewriting calculus: properties and
expressive capabilities;
ii. Germain Faure, 2007: Structures et modéles du calcul de réécriture;

(o) Eric Deplagne, 2002: Systéme de preuve modulo récurrence ;

(p) Huy Nguyen, 2002: Calcul de réécriture et automatisation du raison-
nement dans les assistants de preuve;

(q) Clara Bertolissi, 2005: The graph rewriting calculus: properties and ex-
pressive capabilities;

(r) Benjamin Wack, 2005: Typage et déduction dans le calcul de réécriture;

(s) Antoine Reilles, 2006: Réécriture et compilation de confiance;

(t) Fabrice Nahon, 2007: Preuves par induction dans le calcul des séquents
modulo;

(u) Germain Faure, 2007: Structures et modéles du calcul de réécriture;

(v) Florent Garnier, 2007: Terminaison en temps moyen fini de systémes de
régles probabilistes;

(w) Colin Riba, 2007: Définitions par réécriture dans le lambda-calcul: con-
fluence, réductibilité et typage;

. Hélene Kirchner, 1982: Résolution d’équations dans les algébres libres et les
variétés équationnelles d’algébres;

(a) Christophe Ringeissen, 1993: Combinaison de Résolutions de
Contraintes;

(b) Claus Hintermeier, 1995: Déduction avec sortes ordonnées et égalités;

(¢) Thomas Genet, 1998: Contraintes d’ordre et automates d’arbres pour les
preuves de terminaison;

i. Valérie Viet Triem Tong, 2003: Automates d’arbres et réécriture pour
I’&tude de problémes d’accessibilité;

(d) Peter Borovansky, 1998: Le contrdle de la réécriture: étude et implanta-
tion d’un formalisme de stratégies;

(e) Pierre-Etienne Moreau, 1999: Compilation de régles de réécriture et de
stratégies non-déterministes;

i. Antoine Reilles, 2006: Réécriture et compilation de confiance;

(f) Hubert Dubois, 2001: Systemes de régles de production et calcul de réécri-
ture;

(g) Quang-Huy Nguyen, 2002: Calcul de réécriture et automatisation du
raisonnement dans les assistants de preuves;

(h) Olivier Fissore, 2003: Terminaison de la réécriture sous stratégies;

(i) Liliana-Mariana Ibanescu, 2004: Programmation par régles et stratégies
pour la g@énération automatique de mécanismes de combustion
d’hydrocarbures polycycliques;

(j) Duc Khanh Tran, 2006: Conception de procédures de décision par com-
binaison et saturation;

. Kounalis, 1985: Validation de spécifications algébriques par complétion in-
ductive;

(a) Pascal Urso, 2002: Généralisations et méthodes correctes pour I'induction
mathématique;
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(b) Ponsini Olivier, 2005: Des programmes impératifs vers la logique équa-
tionnelle pour la vérification;

. Michael Rusinowitch, 1987; partial: Démonstration automatique par des tech-

niques de réécriture (thése d’état);

(a) Adel Bouhoula, 1994: Preuves automatiques par récurrence dans les
théories conditionnelles;

(b) Laurent Vigneron, 1994: Déduction automatique avec contraintes sym-
boliques dans les théories équationnelles;

(c) Eric Monfroy, 1996: Collaboration de solveurs pour la programmation par
contraintes;

i. Lucas Bordeaux, 2003: Résolution de problémes combinatoires mod-
élisés par des contraintes quantifiées;
ii. Brice Pajot, 2006: Modeles et architectures pour la résolution coopéra-
tive par solveurs de contraintes;
iii. Tony Lambert, 2006: Hybridation de méthodes complétes et incom-
plétes pour la résolution de CSP;

(d) Narjes Berregeb, 1997: Preuves par induction implicite : cas des théories
associatives-commutatives et observationnelles;

(e) Sorin Stratulat, 2000: Preuves par récurrence avec ensembles couvrants
contextuels. Application a la vérification de logiciels de téléecommunica-
tions;

(f) Silvio Ranise, 2002: On the Integration of Decision Procedures in Auto-
mated Deduction;

(g) Matthieu Turuani, 2003: Sécurité des Protocoles Cryptographiques: Dé-
cidabilité et Complexité;

(h) Julien Musset, 2003: Approximation of transition relations. Application
to infinite states systems verification;

(i) Yannick Chevalier, 2003: Résolution de problémes d’accessibilité pour la
compilation et la validation de protocoles cryptographiques;

(j) Tarek Abbes, 2004: Classification du trafic et optimisation des régles de
filtrage pour la détection d’intrusions;

(k) Abdessamad Imine, 2006: Conception Formelle d’Algorithmes de Répli-
cation Optimiste. Vers [I’Edition Collaborative dans les Réseaux
Pair-a-Pair;

(1) Eugen Zalinescu, 2007: Sécurité des protocoles cryptographiques: décid-
abilité et résultats de transfert;

. Hubert Comon, 1988; unofficial: Unification et disunification. Théories et

applications;

(a) Marianne Haberstrau, 1993: ECOLOG : un Environnement pour la pro-
grammation en LOGique COntrainte;

(b) Florent Jacquemard, 1996: automates d’arbres et réécriture de termes;

(¢) Yan Jurski, 1999: Expression de la relation binaire d’accessibilité pour
les automates a compteurs plats et les automates temporisés;
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(d) Véronique Cortier, 2003: Veérification automatique des protocoles

cryptographiques;
i. Eugen Zalinescu, 2007: Sécurité des protocoles cryptographiques: dé-
cidabilité et résultats de transfert;

(e) Vincent Bernat, 2006: Théories de I'intrus pour la vérification des pro-
tocoles cryptographiques;

(f) Stéphanie Delaune, 2006: Veérification des protocoles cryptographiques et
propriétés algébriques;

Alexandre Boudet, 1990: Unification dans les mélanges de théories équa-

tionelles;

Hervé Devie, 1991: Une approche algébrique de la réécriture de preuves équa-

tionnelles et son application a la dérivation de procédures de complétion;

Evelyne Contejean, 1992: EIéments pour la décidabilité de I'unification mod-

ulo la distributivité;

Maribel Fernandez, 1993: Modeéles de calculs multiparadigmes fondés sur la

réécriture;

(a) Lionel Khalil, 2003: Généralisation des réseaux d’interaction avec I’agent
amb de McCarthy : propriétés et applications;

(b) Francois-Régis Sinot, 2006: Stratégies e caces et modéles d’implantation
pour les langages fontionnels;

Marianne Haberstrau, 1993: ECOLOG : un Environnement pour la program-

mation en LOGique COntrainte;

Claude Marché, 1993: Réécriture modulo une théorie présentée par un sys-

téme convergent et décidabilité des problémes du mot dans certaines classes

de theories équationnelles;

(a) Xavier Urbain, 2001: Approche incrémentale des preuves automatiques
de terminaison;

(b) Pierre Corbineau, 2005: Démonstration Automatique en Théorie des
Types;

Walid Sadfi, 1993: Contribution a I’&tude de la séquentialité forte des défini-

tions de fonctions par régles;

Frédéric Blanqui, 2001: Théorie des Types et Récriture;

(a) Colin Riba, 2007: Définitions par réécriture dans le lambda-calcul: con-
fluence, réductibilité et typage;

Benjamin Monate, 2002: Propriétés uniformes de familles de systémes de

réécriture de mots paramétrées par des entiers;

Daria Walukiewicz-Chrzaszcz, 2003: Termination of Rewriting in the Calcu-

lus of Constructions;

Jacek Chrzaszcz, 2004: Modules in Type Theory with Generative Definitions;

We feel privileged to edit this volume, as a way to thank Jean-Pierre Jouan-

naud for all his scientific contributions and for communicating to us his
enthusiasm for research. We are most grateful to all the authors who enthu-
siastically contributed to this special issue and participated in the symposium.

We

are also thankful to all those who helped us in the refereeing process and to
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Alfred Hofmann at Springer who supported our initiative. CNRS, Ecole Normale
Supérieure de Cachan, INRIA and LSV are gratefully acknowledged for their
organizational and financial support.

April 2007 Hubert Comon-Lundh
Claude Kirchner
Héléne Kirchner
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The Hydra Battle Revisited*

Nachum Dershowitz!? and Georg Moser3

1 School of Computer Science, Tel Aviv University,
69978 Ramat Aviv, Israel
nachum.dershowitz@cs.tau.ac.il
2 Microsoft Research, Redmond, WA 98052
3 Institute of Computer Science, University of Innsbruck,
Technikerstrasse 21a, A-6020 Innsbruck, Austria
georg.moser@uibk.ac.at

To Jean-Pierre on this momentous occasion.

Abstract. Showing termination of the Battle of Hercules and Hydra is
a challenge. We present the battle both as a rewrite system and as an
arithmetic while program, provide proofs of their termination, and recall
why their termination cannot be proved within Peano arithmetic.

As a second labour he ordered him to kill the Lernaean hydra.
That creature, bred in the swamp of Lerna,

used to go forth into the plain

and ravage both the cattle and the country.

Now the hydra had a huge body, with nine heads,

eight mortal, but the middle one immortal. . ..

By pelting it with fiery shafts he forced it to come out,

and in the act of doing so he seized and held it fast.

But the hydra wound itself about one of his feet and clung to him.
Nor could he effect anything by smashing its heads with his club,
for as fast as one head was smashed there grew up two.

— Pausanias, Description of Greece, 2.37.4

1 Introduction

The Battle of Hydra and Hercules, as described in the above-quoted myth, and
depicted on the Etruscan hydra (water jar) in Fig. [l inspired Laurie Kirby and
Jeff Paris [24] to formulate a process, the termination of which cannot be proved
by ordinary induction on the natural numbers. Instead, recourse must be made
to induction on the ordinals less than the ordinal number “epsilon naught”, in
the ordinal hierarchy created by Georg Cantor.

* The first author’s research was supported in part by the Israel Science Foundation
(grant no. 250/05).

H. Comon-Lundh et al. (Eds.): Jouannaud Festschrift, LNCS 4600, pp. 1 2007.
© Springer-Verlag Berlin Heidelberg 2007
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Fig. 1. Caeretan hydra, attributed to Eagle Painter, c. 525 B.C.E. See [19]. (Courtesy
of the J. Paul Getty Museum, Villa Collection, Malibu, CA).!

The alternating steps of Hercules and Hydra in the formal battle are quite
easy to understand (and are more appealing than the similar but older Good-
stein sequence [I7], also treated in [24]). The battle itself is described in Sect.
Yet the fact that Hercules is always the declared winner, as shown in Sect. Ml
is far from obvious. As such, it is arguably the simplest example of a terminating

"Not to be reproduced without written permission from the J. paul Getty
Museum.
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process that is not amenable to argument by means of Peano’s famous axioms
of arithmetic. Termination is a conceptually clear notion. Thus, it is fair to
claim that the Hydra Battle is more intuitive, as an independence result, than
employing Ramsey-like theorems, for instance; cf. [30].

In the popular survey on rewriting mﬂ by Jean-Pierre Jouannaud and the
first author (and in several later publications, [II, Prob. 23], [7]), a rewrite sys-
tem for the battle was presented, but it was unfortunately fraught with lapsus
calami. Nevertheless, proving its termination has been a challenge for contestants
in termination competitions [28]. A repaired version was promulgated years
later [26].

In the sections that follow, we describe the vicissitudes of this formalization
of the battle in rewrite systems (Sect. [), prove their termination (Sect. B, and
also encode the battle as a while program (Sect. [@). This paper concentrates
on the interpretation of successive hydrae as decreasing ordinal numbers. But
there are alternative, less “highbrow” arguments (in Alan Turing’s words [35]);
see Martin Gardner’s column [I5]. Some properties of ordinals and orders are
briefly reviewed in Sects. Bl [0 and [7

For more on the problem and its extensions, see [I3]. See also [27I21134]. We
conclude with one such extension.

2 The Hydra Battle

In a landmark paper [24], Kirby and Paris showed that — for their version of the
battle — more than ordinary induction on the natural numbers is needed to show
that Hercules prevails.

2.1 The Formal Battle

In the mathematical battle, hydrze are represented as (unordered, rooted, finite)
trees, with each leaf corresponding to one head of the monster. Whereas Her-
cules decapitates Hydra, one head at a time, Hydra regenerates according to
the following rule: If the severed head has a grandparent node, then the branch
issuing from that node together with the mutilated subtree is multiplied by a
certain factor; otherwise, Hydra suffers the loss without any regrowth. Hercules
wins when (not if!) the beast is reduced to the empty tree.

(In the original formulation of this game, the multiplication factor is one
more than the stage of the game. We modify the definition slightly and set the
multiplication factor equal to the stage of the game, as otherwise the system D
below fails to encode the Hydra Battle. The results in [24] are unaffected by this
change.)

We write (H, n) to describe a single configuration in the game, where H denotes
Hydra and n the current stage of the game.

2 This survey is the most cited document for its year of publication (1990) in the
CiteSeer database [31], and has always been high in the overall list.
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Ezample 1.

H17 H23 H37

In the first stage, Hercules chops off the leftmost head. As this head has no
grandparent, Hydra shrinks. However, in Stage 2, Hercules chops off a head with
a grandparent (the triangular root). Consequently, Hydra grows two replacement
branches, as indicated. a

More examples can be found in [24134].

2.2 Functional Hydra

It is easy to express the Hydra Battle in a functional language with list opera-
tions, like Lisp. However, so as not to complicate matters unnecessarily, we do
not follow the original definition of Kirby and Paris, but rather restrict atten-
tion to ordered trees (with immediate subtrees ordered sequentially from left
to right). Let nil denote an empty list and cons(z,y) be the list obtained by
prepending an element x (the right-most subtree) to a list y (the remaining tree).
Thus, the first hydra in Example [[l would be represented as follows:

cons(¢, cons(cons(cons(¢, cons(¢,nil)),nil), cons(¢, cons(¢, cons(¢,nil))))) ,

where ¢ = cons(nil,nil) stands for a leaf of a Hydra and we have reordered
the immediate subtrees of the root of H; such that the number of nodes is non-
increasing. In the rewrite system to be introduced below, a “cons-cell” is grafted
together by the function symbol g.

Let car(cons(z,y)) = = and cdr(cons(z,y)) = y extract the first item in a
nonempty list cons(x,y) and the remainder of the list, respectively. The battle
can be encoded by the following program, L:

ho()
where
nil r=mnil
fn(z) = {hn+1(dn(m)) otherwise
cdr(z) car(z) = nil
dp(z) =< fu(cdr(car(x)),cdr(z)) car(car(z)) =nil
cons(d, (car(z)), cdr(x)) otherwise
faly,w) =4 7 Y

cons(y, fn—1(y,x)) otherwise
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Here, h,,(z) plays the game with initial hydra z, starting at stage n, d,,(x) plays
one round of the battle, by travelling along a leftmost branch until encountering
a branch z such that car(car(z)) is empty, and then using f, (y,x) to prepend
k copies of y = cdr(car(z)) to x.

Better yet, if we let € symbolize nil and use a colon : for cons, then the following
pattern-directed program plays the battle ho(z) until its inevitable end:

hn(e) =¢
ho(z:y) = hpt1(dn(z 2 y))
dn(e:y) =y
dn((e @)1 y) = fulz,y)
dn((w:v):x):y) =dy((u:v):x):y
foly,z) ===
fori(y, @) =y fuly, @)

3 Orders and Ordinals

Termination proofs are often based on well-founded orderings. Our proofs are
no exception.

3.1 Well-Founded Orders

A partial order + is an irreflexive and transitive binary relation. Its converse is
written with a reflected symbol <. A quasi-order 3= is a reflexive and transitive
relation. A quasi-order = induces a (strict) partial order >, such that a > b if
a = b % a. A partial order > on a set A is well-founded (on A) if there exists no
infinite descending sequence a; > ag = --- of elements of A. A partial order is
linear (or total) on A if for all a,b € A, a different from b, a and b are comparable
by >. A linear well-founded order is called a well-order.

Let F be a signature. An F-algebra A is a set A, its domain, together with
operations f4: A™ — A for each function symbol f € F of arity n. An F-
algebra (A, <) is called monotone if A is associated with a partial order > and
every algebra operation f 4 is strictly monotone in all its arguments. A monotone
F-algebra (A, ) is called well-founded if > is well-founded.

Let (A, =) denote an F-algebra and let a: V — A denote an assignment. We
write [a] 4 to denote the homeomorphic extension of the assignment a and define
an ordering > 4 on terms 7 (F,V) in the usual way: s =4 ¢ if [a] 4(s) = [a] 4(¢)
for every assignment a.

3.2 Order Types

We assume some very basic knowledge of set theory and in particular of ordinals,
as in, for example, [22]. We write > to denote the well-order on ordinals. This
order can, of course, be employed for inductive arguments.
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The ordinal ¢; (“epsilon naught”) is the smallest solution to w®* = x. Recall
that any ordinal o < €g, @ # 0, can be uniquely represented in Cantor Normal
Form (CNF) as a sum

wa1+-~-+wo‘”7

where a1 > -++ > «,,. The set of ordinals below ¢y in CNF will also be denoted
CNF. For a = w™ + .-+ 4+ w® and B = w*+ + - - + w*+tm_ the natural sum
a @ [ is defined as w* W 4. - - +wr(n+m) where m denotes a permutation of the
indices [1,n+m] (= {1,...,n+m}) such that a,n) = ar2) = - = Qr(nim) 18
guaranteed. We write « - n as an abbreviation for a + -+ 4+ « (n times @), and
we identify the natural numbers (IN) with the ordinals below w. We denote the
set of limit ordinals by Lim.

To each well-founded order > on a set A, one can associate a (set-theoretic)
ordinal, its order type. First, we associate an ordinal to each element a of A by
setting

otype,_(a) := sup{otype, (b)+1|be A and a >~ b} .

Then the order type of >, denoted otype(>), is defined as sup{otype, (a) + 1 |
a € A}. For two partial orders = and =’ on A and A’, respectively, a mapping
0: A — A’ embeds = into =’ if, for all z,y € A, we have that x > y implies
o(z) +' o(y).

Lemma 1. If both > and =’ are well founded and if = can be embedded into
>’ then otype(>-) < otype(>').

Two linear partial orders (4, >) and (B, ') are order-isomorphic (or equivalent)
if there exists a surjective mapping o: A — B such that (z > y < o(z) >’ o(y))
for all z,y € A.

4 Herculean Strength

The natural game-theoretic question is whether Hercules has a winning strategy.
A strategy is a mapping determining which head Hercules should chop off at each
stage.

4.1 Hercules Prevails

It turns out that whatever strategy Hercules fights by he eventually wins. It’s
only a question of time. In our proof, we follow Kirby and Paris [24] and associate
with each hydra an ordinal below €q:

1. Assign 0 to each leaf.
2. Assign w® @ --- @ w* to each internal node, where «; are the ordinals
assigned to the children of the node.

The ordinal representing Hydra is the ordinal assigned to her root node.
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Ezample 2. Consider hydrse H;—Hs, above. These have the representations w? @
w2 @1, w? @ w?, and w? - 3, respectively. ]

In the sequel, we confound the representation of a hydra as finite tree and as
ordinal. Let (H,n) denote a configuration of the game. Then (H)3 denotes the
resulting Hydra if strategy S is applied to H at stage n. That is, the next con-
figuration is ((H)3,n + 1).

Lemma 2 (Kirby & Paris [24]). For any strategy S, Hydra H and natural

number n, we obtain H > (H)3.

Theorem 1 (Kirby & Paris [24]). Every strategy is a winning strategy.

Proof. The theorem follows from the lemma together with the fact that > is
well-founded. O

One can readily see from the proof that Hercules also wins a seemingly more
challenging battle, wherein Hydra generates an arbitrary number of replacement
branches at any level of the tree, but the resulting Hydra is smaller (as an ordinal)
than the original. Again, any strategy is a winning strategy. Such a reformulation
of the Hydra Battle is depicted in Fig. Bl taken from a survey lecture on proofs
and computation by Jouannaud [23][] Similar extensions of the Hydra Battle
have recently been considered by Rudolf Fleischer in [13].

Fig. 2. Evelyne Contejean’s rendition of the battle (from Jouannaud’s survey [23])

Now we formally define a specific strategy for the Hydra Battle that has been
called standard in [34]. For n € N, we associate an ordinal o,, € CNF with every
«a € CNF:

0 ifa=0

8 fa=pg+1

B+wr-n ifa=8+w’t!

8+ win if a =3+ w?” and v € Lim

Ay =

3 “This is one of Nachum Dershowitz’s favorite examples” [23].
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Then we can define the standard Hydra Battle as follows:

Definition 1 (Hydra Battle). A hydra is an ordinal in CNF. The Hydra
Battle is a sequence of configurations. A configuration is a pair (a,n), where «
denotes a hydra and n > 1, the current step. Let (a,n) be a configuration, such
that o > 0. Then the next configuration in the standard strategy is (cn,n + 1).

This definition implies that we force a one-to-one correspondence between finite
trees and ordinals. Hence, we again restrict ourselves to ordered trees.

This strategy conforms with the prior description of the battle, provided Hy-
dra’s immediate subtrees in the functional battle are arranged (at all levels) from
the largest on the left to the smallest on the right. Here, largeness or smallness
of subtrees is measured by the corresponding ordinal.

Remark 1. The sequence (ay,)nen is usually referred to as a fundamental se-
quence of . A fundamental sequence fulfills the property that for limit ordinal
A € Lim, the sequence ()\,), is strictly increasing and its limit is A. For the
connection between rewriting and fundamental sequences, see, for example, [29].

4.2 Beyond Peano

In the remainder of this section, we show that Peano Arithmetic cannot prove
termination of the standard Hydra Battle, which is a special case of a more
general theorem stated in [24]T3].

We define two ordinal-indexed hierarchies of number-theoretic functions.

Definition 2 (Hardy [36] and Hydra Functions). The Hardy functions
(Ha)a<e, are defined as follows:

Ho(n) :=n, and Hu(n):=H,, (n+1) (ifa>0).

The related Hydra functions (Ly)a<e,, counting the length of the (standard)
Hydra Battle, starting stage n with hydra «, are:

Lo(n) :=0, and Ly(n):=Ly,(n+1)+1 (ifa>0).
The following lemma is an easy consequence of the definitions:

Lemma 3. The hierarchies (Hy)a<e, and (Lo)a<e, form a majorization hierar-
chy on €y, in the sense that the functions are strictly increasing and each function
at level a eventually dominates the functions at level 3 for all 8 < a.

Next, we relate the functions H,, and L.

Lemma 4. For any o < €9 and any n € N we have

Ha(n) = HL (n)(n) = n+La(n) .
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Proof. The second equation is easily established by noting that, for finite m, we
have H,,,(n) = m + n. The first equation is proved by induction on a. The case
a = 0 follows from Ly(n) = 0. For a > 0, put v := «,, and note that

Ha(n) = Hv(n + ].) = HL,Y(n—&-l) (n + ].) = HL,Y(n_;'_l)_;'_l(’n,) = HLa(n)(n) .

In the second equality, we employ the induction hypothesis. For the third let
m = L,(n + 1) and observe Hy,11(n) = Hy(n +1). O

A function f is provably recursive in Peano Arithmetic (PA) if there exists a
primitive recursive predicate P and a primitive recursive function g such that
PAFVy; - Vyp3zP(y1,. .., yx, x) and [ satisfies

fna,...,nk) = g(peP(na, ..., ng, x)) ,

where p, denotes the least number operator.

Let the Hardy class H be defined as the smallest class of functions (1) contain-
ing 0, S (successor), all Hq, for o < €y, and all projection functions I,, ;(a1, . . .,
ap) := a;, and (2) closed under primitive recursion and composition.

Theorem 2. The Hardy class 'H is the class of all provably recursive functions
in PA.

For a proof see [32].
Theorem 3. PA cannot prove termination of the standard Hydra Baittle.

Proof. Suppose termination of the standard Hydra Battle would be PA-provable.
This is equivalent to the fact that

PAF"Va,n3dmLy(n)=m",

for a suitable arithmetization "-7. Hence, for all a < €p and all n € N: Ly(n) is
a provably recursive function in PA. In particular, L), (n + 1) + 1 is provably
recursive, and thus by definition L., (n) is provably recursive. (The same holds
for Le,(n) + n.) By Lemma [ we conclude L, (n) +n = He,(n), which would
imply that H.,(n) is provably recursive, contradicting Theorem [ O

Remark 2. Tt bears mentioning that if Hydra is constrained to a bounded initial
height, or if there is a fixed bound on her growth factor [27], then termination
is provable in PA.

5 Rewriting Hydra

A (term-) rewriting system is a (finite) set of rewrite rules, each of which is an
ordered pair of terms. Let F denote a signature and V, a (countably infinite) set
of variables. The terms over F and V are denoted 7 (F,V). A binary relation
on 7 (F,V) is a rewrite relation if it is compatible with F-operations and closed
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under substitutions. The smallest rewrite relation that contains R is denoted
—r. The reflexive-transitive closure of rewrite steps —x is denoted —J%; the
transitive closure, —>7J§. For further details about rewriting, see the survey by
the first author and Jouannaud [I0] or one of the books [2133].

In [1I0], the following rewrite system H was introduced as an encoding of the
Hydra Battlef]

h(e(x),y) — h(d(z,y),S(y)) (1)
d(g(0,0),y) — &(0) (2)
d(g(7,y),2) — gle(z),d(y, 2)) (3)

d(g(g(z,y),0),5(2)) — g(d(g(z,y),5(2)),d(g(z, y). 2)) (4)
ge(z),e(y)) — e(g(z,y)) (5)

(To clarify the connection to the standard Hydra Battle, as presented in Sect. 2]
we have swapped the original arguments of the symbols d and h and make use
of the unary function symbol S instead of the original c.)

The idea was for h(z,n) to represent the nth stage of the battle, with Hydra
current being x, and with g serving as cons and 0 asnil. Then, d(n, z) marks the
position of Hercules’ search for a head to chop off (n is the replication factor);
d was also meant to perform the duplication (which is the role of f in the
functional program described in Section[Z2). The d in the first argument of g on
the right side of rule (@) forces that branch to get smaller, via rules [B]) and (2),
assuming that branch has a head dangling at its right edge. The symbol e is used
to signal completion of the operation on a branch, and settles towards the root
after replication. The system was designed to allow various sterile derivations,
as well as the primary, battle one.

Unfortunately, rule @) does not perform as advertised; the system does not
simulate the standard Hydra Battle, as defined in Sect. 2B To rectify this, the
first author proposed (on Pierre Lescanne’s rewriting list [26]) the following
System D, comprising six rules:

h(e(x),y) — h(d(z,y),S(y)) (6)
d(g(0,2),y) — e(z) (7)
d(g(z,y),2) — g(d(z,2),e(y)) (8)

d(g(g(0,),y),0) — e(y) 9)
d(g(g(0,2),9),5(2)) — gle(xr),d(g(g(0,7),y), 2)) (10)
gle(z),e(y)) — e(g(z,y)) (11)

* Some (lost) version of this rewrite system had been presented by the first author
at the Interdisciplinary Conference on Axiomatic Systems, in Columbus, OH, on
December 16, 1988.

® The originally intended system probably had g(d(g(z,y),S(z)),d(g(g(x, y),0), 2)) as
the right-hand side of rule (@l). Some additional changes are needed for it to be able
to simulate the standard Hydra Battle. We do not discuss this version any further.
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We will see below that the underlying semantics of the symbol g changed in
the transition from H to D. (Here again we have swapped the arguments of the
symbols d and h and make use of the unary function symbol S instead of the
original c.)

5.1 Faithfulness

It is not hard to see that, indeed, D faithfully represents the standard Hydra
Battle. We define a mapping O: CNF — T (F, (), where F is the set of function
symbols in D:

0 ifa=0
O(a) =< g(O(7),0) if @ = w?
g(0(7),0(8)) ifa=p+w?

Each configuration (a,n) of the game is encoded by a term h(e(O(«)),S™(0)).

Lemma 5. Let « € CNF, a > 0, n € N\ {0}. Then h(e(O(«)),S"(0)) —5
h(e(O(an)), $"(0)).
Proof. Due to the presence of the rule h(e(ac) y) — h(d(z,v),S5(y)) in D, it

suffices to verify that d(O(a),S"(0)) —% e(O(ay,)). We proceed by induction
on a.

1. CASE a = +1: By definition, a,, = f and O(«) =
and s = O(f). To establish d(O(a),S™(0)) —1, e(O
rewrite step by rule ([7):

g(0,0(p)). Let t = O(a)
(an)), we only need one
d(g<078)75n<0)) —D e(s) .
2. CASE a = (3 + w?*1: By definition, a,, = S+ w” -n and t = O(a) =
g(g(0,0(7)), 0(8)). Let s = O(F), r = O(7). Then
Olan) = glrog(r,&(rs) )

~
n occurrences of r

and the following rewrite sequence suffices:

d(g(g(0,7),5),5™(0)) —5% gle(r), g(e(r), - --d(g(g(0,7),5),0)---)) (@)

—p gle(r),gle(r), --gle(r),e(s))---)) @
@D
)

n

n

—p e(g(r.g(r, - -g(r.s)--))) .

3. CASE a« = 4 w?, v € Lim: By definition, «,, = 4+ w”™ and O(«
g(O(7),0(B)). Let t = O(a), s = O(B), r = O(v), and u = O(~vy). By the
induction hypotheses (IH), d(r,S™(0)) — e(u) holds. Hence, the following
rewrite sequence suffices:

d(g(r,5),5™(0)) —p g(d(r,5"(0)), e(s)) ®
—p gle(u), e(s)) (TH)
—p e(g(u, s)) . @@

O
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6 Termination

We will employ “reduction orders” to prove termination of the Hydra systems.

6.1 Reduction Orders

A rewrite system R and a partial order > are compatible if R C . A rewrite
relation that is also a well-founded partial order is called a reduction order. 1t is
easy to see that an interpretation-based term order > 4 is a reduction order if the
algebra (A, >) is well-founded and monotone. We say that (A, >) is compatible
with a rewrite system R if > 4 is compatible with R.

A system R is terminating if no infinite sequence of rewrite steps exists. Thus,
R is terminating iff it is compatible with a reduction order .

6.2 Termination Properties

The rules of System D are similar to the original proposed formalization of the
Hydra battle. While the rules of System H defining h and g have been kept, the
three rules defining d have been replaced by four rules.

As given, all but the first rule of H and D decrease in a simple recursive path
order [5], with precedence d > g > e. The difficulty is in arranging for the first
argument of h to show a decrease, as well.

A terminating rewrite system is simply terminating if its termination can
be proved by a reduction order, like the recursive path order, that enjoys the
subterm property (namely, that subterms are smaller in the order).

Theorem 4. System H is terminating, bul not simply terminating.

Proof. For now, we only prove the easy fact that H is not simply terminating,
the termination proof is postponed to Sect. 8l To show that H is not simply
terminating, note that the rewrite step

h(e(z),e(x)) —# h(d(z,e(x)),S(e(z)))

leads to a term that has the initial term embedded (homeomorphically) within
it. O

By the same token, D is not simply terminating.
Theorem 5. System D is terminating, but not simply terminating.

Again the proof of termination is deferred until Sect. Bl

6.3 Previous Problems

While termination of H, and implicitly of D, has been claimed a number of times
in the literature, to our best knowledge no (full, correct) termination proof has
been provided.
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For example, consider the proof sketch in [7, p. 8]. The idea of the proof is
to use a general path order [9] that employs the following interpretations of the
function symbols in H into the ordinals:

lg(z,y)] = Wl + [y] [h(z,2)] == [2] + [7]
[d(z, 2)] == predp.;([=]) [e(@)] == [«]
[S(2)] := [a] + 1 [0] :=1.

The operator pred, is conceived as a suitable extension of the operator a¢ for
¢ < w; that is, we can assume pred, (@) = .

One prerequisite to employ a general path order successfully is that, for all
ground instances lo — ro of rules in H, [lo] > [ro] holds. However, by defini-
tion, we have

ﬂd(070)]] = Hd]](lvl) =1,=0,

and therefore

1
=0 <1 =[g(e(d(0,0)),d(d(0,0),0))] -
0

Unfortunately, d(g(d(0,0),d(0,0)),0) — g(e(d(0,0)),d(d(0,0),0)) is an instance
of rule ().

Although this problem can be relatively easily rectified, there is a more serious
problem with the proposed interpretation [-]. This interpretation is employed as
one of the component functions of the general path order; to infer termination,
these component functions (and hence the interpretation [-]) should be weakly
monotone.

However, the interpretation function [d] is not weakly monotone in its first
argument: Consider two hydre a = g(0,d(0,0)) and b = g(d(0,0),g(d(0,0),
g(d(0,0),0))) with ordinal values [a] = w and [b] = 4, respectively. Clearly
w > 4 in the usual comparison of (set-theoretic) ordinals. But,

[d(a,0)] = [d](w, 1) = pred, (w) = 1 < 3 = pred, (4) = [d] (4, 1) = [d(b, 0)] -

Strictly speaking, one only needs monotonicity for terms that can rewrite to
each other, that is, fa(...x...) > fa(...y...) when x >y and © —g y; cf. 9],
Thm. 2]. (Here A denotes an F-algebra.) But consider rule () instantiated as
follows:

z = d(g(g(0,d(0,0)),0),5(b)) — g(d(g(0,d(0,0)),5(b)),d(g(0,d(0,0)),b)) =y,

where b is defined as above. Then [g(g(0,d(0,0)),0)] = [g](w,1) = w¥ + 1 with
[£(0,d(0,0))] = w. Hence [z] = [d](w* + 1,5) = w* > w® + 4 = [g](pred;(w),
pred,(w)) = [y] and thus both assumptions are fulfilled with respect to 2 and y;
unfortunately pred; (w*) = w < w® + 3 = pred, (w® + 4). Proceeding in the same
way as above, we again derive a counterexample.

To overcome this problem, we introduce (in the next section) a notation sys-
tem for ordinals and use it, instead, as the domain of our interpretation functions.
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7 In Preparation

Following an approach taken by Gaisi Takeuti [32], we introduce an alternate no-
tation for ordinals below €y. This notation will enjoy the desired weak monotonic-
ity property. We define a subset OT of terms over the signature {w,+}. (The
function symbol w is unary; the symbol + is varyadic.) We write w® for w(«).
In the definition of OT, we make use of an auxiliary subset P C OT.

Definition 3. The definition of OT and P proceeds by mutual induction:

1. 00T
2. If ay,...,cn €P, then ay + -+ + i, € OT.
3. If a« € OT, then w* € P, and w® € OT.

The elements of OT are called ordinal terms and are denoted by lower-case Greek
letters. If no confusion can arise, we simply speak of ordinals.

To simplify reading, we abbreviate the term w® by 1. For the remainder of this
section, the expression “ordinal” will always refer to an element of OT, unless
stated otherwise.

It follows from the definition of the set OT that any object in OT different
from 0 can be written in the following form:

WM+ w4 WY (12)

where each of the a, ..., «a, has the same propertyﬁ However, due to the above
definition, o + 0 is mot an ordinal, as 0 € P. To cure this, we introduce a binary
operation + on OT: Let o, 3 € OT be of form w® +- - 4w, B = Wl 4. . 4wPm.
Then a + 3 is defined as w™ + --- + w* + W’ + ... + WPm. Otherwise, we
define @ + 0 = 0 + o = . We will not distinguish between the binary operation
+ and its varyadic rendering.

Definition 4 (Takeuti [32]). We inductively define an equivalence ~ and a
partial order = so that they satisfy the following clauses:

1. 0 is the minimal element of >.
2. For a € OT of form [I2)), assume « contains two consecutive terms w™ and
wYtL with ay1 > ay. So, a has the form

O S I 7% e S

Let 3 be obtained by removing the expression “w® + 7 from «, so that 3 is
of the form
C w4

Then o ~ 3.

5 This would not hold had we defined OT to be the set of terms over the signature
{w,+}.
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3. Suppose o = W + -+ WO B=wh o p WP g = =
and 31 = B2 = -+ = Bn, hold. (o= B means « = 3 or a ~ (3.) Then, a > (3
if either oy = B; for some i € [1,m] and a; ~ B; for all j € [1,i — 1], or
m >n and a; ~ B; holds for all i € [1,n].

Remark 3. Note that ordinal addition + is not commutative, not even up to the
equivalence ~, as we have 1 + w ~w ¢ w + 1. ad

We can identify the natural numbers N with the ordinals less than w, as the
usual comparison of natural numbers coincides with the above partial order >
on ordinal terms less than w. So, we freely write 1 +1 as 2, 1+ 1+ 1 as 3, and
so on. By definition, for any o > 0 in OT, there exists a unique g € OT with
a ~ [3 so that 8 can be written as

where (1 = - -+ = (,. If B is written in this way, we say that it is in normal-form.
The set of all ordinal terms in normal-form together with 0 is denoted NF. The
unique normal-form of a given ordinal term « is denoted NF(«).

Remark 4. Note that our definition of the ordinal notation system OT is non-
standard. Usually one identifies « € OT and its normal-form NF(a) and instead
of ~ simply the equality = is written.

Any a € NF uniquely represents a set-theoretic ordinals in CNF. The following
lemma is immediate:

Lemma 6

1. The relation = is a linear partial order on NF.
2. The relation > is well-founded and otype(>) = €.

We extend the well-founded, linear order > on NF to a well-founded, partial
order > on OT. To simplify notation we denote the extended relation with the
same symbol, no confusion will arise from this. For o, 8 € OT define: a > 3, if
NF(a) = NF(5). It follows that > is a partial order and that a = 8 > v and
a = [ %= v each imply a > 7. The next lemma is a direct consequence of the
definitions; we essentially employ the fact that NF(a+ 3) = NF(NF(a) + NF(3)).

Lemma 7. Let o, 3,7y € OT.

a+pf=ap.

w > a.

If a = (3, then w®™ = wP.

Ifa> B, theny+a>=~v+0 anda+v = 3+ 7.
If « € P and oo = (3,7, then a = B+ 7.

Crds fo o =
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The central idea of the above notation system is the separation of the identity of
ordinal terms (denoted by =) and the identity of their set-theoretic counterparts
(denoted by ~). We will see in the next section that this pedantry is essential
for a successful definition of the interpretation functions.

Based on >~ and ~, we define a partial order 1 and an equivalence relation =
on OT. We write N(«) to denote the number of occurrences of w in a.. Note that

N(n) = n for any natural number n, since 1 = w°.

Definition 5. Let o, 3 € OT. We set:

1. aa B ifa> B, N(a) = N(B) or a~ 3, N(ow) > N(B) and
2. a=p0if a~ B, Nla)=N(3).

Define the quasi-order J=: a 2= (3, if « (JU=) B.

Ezample 3. Consider w + w? and w + 3. Then w + w? Jw + 3, as NF(w + w?) =
w? = w+3 = NF(w+3) and N(w + w?) = 5 = N(w + 3). On the other hand,
w2 Aw+3asNw+3)=5>3=N(w?). O

This example shows that the relation ~ is not compatible with the strict order .

Lemma 8. The binary relation 1 is a well-founded order and otype(3) < €.
Furthermore, for alln,m € N, n 2 m iff n > m.

Proof. That J is a partial order is immediate from the definition. To verify
that 1 is well-founded with otype(J) < ep, it suffices to define an embedding
0: OT — CNF: o(a) := wNF(®) 4+ N(a). By case analysis on the definition of
T, one verifies that for all «, 8 € OT, a O 8 implies o(c) > o(5). Assume
first that a =  and N(a) = N(B). Then, wNF(®) 4+ N(a) > WNF®) 4 N(B) is
immediate from the definition of the comparison > of set-theoretic ordinals. Now
assume a ~ 3 and N(a) > N(3). Then, wN7(®) + N(a) > wNFP) 4+ N(B) follows

similarly.
The second half of the lemma is a direct result of the definition of 71 and the
definition of N. a

The following is again a direct consequence of the definitions:

Lemma 9. Let o, 3,7 € OT.

If « 3 B, then w® T WP,

Ifa 308, theny+a Jv+ 0 and o+~ J= B+ 7.
a+ 035 a,y.

w* Ja.

oo~

Let p: N x N — N denote a fixed polynomial, strictly monotone in each
argument.
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Definition 6 (Predecessor). We define the set of n-predecessors of a induced
by p. Let a« € OT. Then

aln] == {8 a = B and p(N(a),n) > N(8)} .

The notion of an n-predecessor stems from [12]. However, we follow the idea of
norm-based fundamental sequences; cf. [4].

Lemma 10. Let o € OT and let § denote a J-mazimal element of aln).

1. The set aln] is finite.
2. For each 8 € aln]: § O= [.

Proof. The first assertion is trivial. For the second, observe that it follows from
the definition of é that for all 5 € «[n], either 6 O 3, 8 =, or § and § are
incomparable with respect to ZJ. We prove that the last case can never happen.
We assume « > 0, as otherwise the assertion follows trivially. Let 8 € «[n] be
arbitrary but fixed, so that 3,6 are incomparable.

The ordinals 3 and ¢ can only be incomparable if either of the following cases
holds: (i) 6 < 8 and N(B) < N(§), or (ii) 6§ > 8 and N(B) > N(6). As the cases
are dual, it suffices to consider the first one. Assume § € N, then 6 € N and
N(5) = 6 > 6 = N(6), which contradicts the assumption N(6) > N(5). Hence,
we can assume [ = w

We define an ordinal term * as follows: 5* := (N(6) — N(8)) +
B3* ~ 3 holds. Furthermore, N(3*) = N(§) > N(3), as N(3*) = (N(6) — N(5)) —|—
N(5) = N(8). So, p* O . We show that f* € an]: a = [ ~ [* implies
a > B*. And p(N(a),n) = N(6) = N(8*) implies p(N(«),n) > N(5*). We derive
a contradiction to the assumption that ¢ is J-maximal. g

+ 0. As 3=

By the above lemma a Z-maximal element of a[n] is, up to the equivalence =,
unique. In the following, for each a € OT and each n € N, we fix an arbitrary
T-maximal element and denote it with P, («).

Lemma 11. Let o € OT and suppose o = w. Then N(P,(a)) = p(N(«),n).
Proof. The proof follows the pattern of the proof of the previous lemma. O
The following lemma explains why the pedantry in the definition of the set of
ordinal terms OT and the given definition of the partial order 1 is necessary:

Lemma 12. Let a, 3 € OT, n € N.

1. If o, 6> 0 and « 3 3, then P,(a) O P,(0).
2. If a = B, then P,(a) = P,(0).
3. Suppose m > n. Then P, (a) 3= P,(a).

We want to emphasize that the first property fails for the specific fundamental
sequence (ay)nen employed in the definition of the standard Hydra Battle;
cf. Definition [l We have w > m, but w,, = n % m — 1 = (m),, for any m > n.



18 N. Dershowitz and G. Moser

Proof (of the lemma). We only show the first point; the arguments for the other
points are similar, but simpler. Assume « 3 (. First, we show the lemma for
the special-case, where av € N. This assumption implies 8 € N. Hence, P, () =
a—123p—1= P,(B). Consider the case « = w. We proceed by cases, according
to the definition of I

1. SUBCASE a > ( and N(a) > N(f): Then monotonicity of p implies that
p(N(a),n) > N(B) holds. Thus, § € aln]. By Lemma [I0I2), we conclude
P,(a) = B > P,(B), which implies P,(a) > P,(8). By Lemma [I] we
get: N(P,(«)) = p(N(a),n) = p(N(5),n) = N(P,(5)). In summary, we see
P, (a) O P, (5).

2. SUBCASE a ~ 8 and N(a) > N(f): From the assumptions we conclude
Pa(B) € aln], as a ~ § = Pa(8) and p(N(a),n) > p(N(8),n) > N(Pa(5)).
Hence, Lemma [0 implies P,(a) 3 P,(5) or P,(a) = P,(5). If the for-
mer case holds, the lemma is established. Assume the latter. By defin-
ition of =, we see that N(P,(a)) = N(P,(3)). On the other hand, we
obtain: N(P,(«)) = p(N(a),n) > p(N(8),n) = N(P,(5)). We have derived a
contradiction. O

8 Termination

The purpose of this section is to prove Theorem Bl Based on the construction
given below, it is easy to see how to also prove Theorem [4} hence, we leave that
one to the reader.

8.1 Interpretation

Using the ordinal notation of the previous section, the termination proof is rela-
tively simple. Let F denote the signature of System D. We define the F-algebra
(A, ) and provide a proof that A4 is well-founded, which is easy, but — more
significantly — A is weakly monotone. The domain of A is the set

{(a,1) |a € OT}U{(0,0)} .
We define the quasi-order B> on the pairs as follows:
(aya) B (B,0) T (@2 FAa=b=1)or (« 3= fAa>D).

The following operations interpret the elements of F:

hA : (a’a)v(ﬂvb) = (O’O)



The Hydra Battle Revisited 19

ga: (@, 1),(8,0) = (B+w*,1)
(0,0), (8,6) = (0,0)

eq: (a,a) — (a, 1)

Si (@,a) = (a+1,1)

04 : (0,1)

Define the strict order » by replacing 1= by > in the above definition. The
orders B and » naturally extend to terms, denoted B4 and B4, respectively.
Fix the parameter in the definition of n-predecessors:

p(m,n):=(m+1)-(n+1).

Let & denote the partial order induced by the quasi-order . With the help
of Lemma [I2] the following is not difficult to prove.

Lemma 13. The F-algebra (A, &) is weakly monotone and well-founded.

Lemma 14. For each rule | — r in D, we have l & 4 r, that is, A is a quasi-
model of D.

Proof. We consider only the rules [8) and (I0), as it is easy to check the prop-
erties for the other rules.

1. CaSE d(g(z,v), z) — g(d(z, 2), e(y)): We have to show

dA(g_A((Oé, Cl), (ﬂ? b))’ (77 C)) B g.A(dA((a7 0,), (77 C))’ eA((ﬂv b))) :

One of the following subcases holds (i) & > 0 (ii) @ = 0. We may assume
subcase (i) holds. Assume otherwise; then it is not hard to see that the
right-hand side of the above equation rewrites to (0,0). From this the claim
follows easily.

Accordingly, we obtain

da(ga((e,1),(8,0)), (v, ¢)) = (Pa(f +w®),1) B
e (/6 + an(a)7 1) = gA<dA<(a7 1)7 (’77 C))a eA((ﬁv b))) )
for n = N(v). We have to show that P, (8+w®) 3= f+w (). By Lemmall

we obtain 4+ w® = 3+ wf(®) . By definition of the polynomial p and the
norm-function N, and Lemma [T2] it suffices to observe:

(N(B+w*)+1D(n+1) = (NB) +N(a)+2)(n+1) >
> N(B) +1+ (N(@) +1)(n+1) = N(B +w (),
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2. Case d(g(g(0,2),y),5(2)) — g(e(x), d(g(g(0, 2), ), 2)): We show
da(ga(8a(04; (;a)), (8,0)),Sa((7,0)) &
> galeal(a, a)),da(galga(04; (a;a)), (B,0)), (v,¢))) ,

for all (a, a), (B8,b), (v, c) € A. By definition, the left-hand side rewrites to

(PN(’y+1)(/6 + wa+1)’ ]-) )

while the right side becomes
(Puy (B + w0t + 0, 1),

and we have to show Py(y)11(8 + w®t) 3% Py (8 + w*t) + w®. By
Definition [6l and Lemma [7[5]) we obtain:

B+ w = Py (B+w*) +w® .
Therefore, it suffices to show
(N(B 4w 1) + 1)(N(y) +2) = N(Pyiy) (B + ) +w%)

which follows by a simply calculation:

(N(B +Wa+1) +1)(n+2) = (NS —|—wa+1) +1D(n+1)+ N(woz-‘rl) >
> N(PL (5 + 0™ + W)

with n = N(v). O

8.2 Dependencies

Finally, we are in position to prove Theorem [, and employ a specific variant
of the dependency-pair method of [I]. (This choice of method is not critical;
equivalently, a proof by induction upto €y could be given, or some other method
employed.)

To keep this paper more-or-less self-contained, we first recall some basic defin-
itions and lemmas. We write <1 to denote the proper subterm relation and > for
(not necessarily proper) superterm. Let R be some rewrite system and denote
the set of all minimal non-terminating terms by 75, (minimal in the sense of the
subterm relation).

Lemma 15. For every term t € Ty there exist a rewrite rule | — r € R, a

not top * top
_—

substitution o, and a non-variable subterm u of v, such that t rlo —r

ro > uo and uo € T.

By the lemma, it is not difficult to see that any term in 7., has a defined root
symbol. This, we exploit in the next definition.
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Let R be a rewriting system over a signature F. Let fdgnote a fresh function

symbol with the same arity as f € F and let ¢ denote f(t1,...,t,), for term
t= f(t1,...,tn). The set DP(R) of dependency pairs is defined as follows:

DP(R) := {ZA—> ull—reR,r>ulroot of u defined} .

The nodes of the dependency graph DG(R), for rewrite system R, are the
dependency pairs of R and there is an arrow from s — ¢t to u — v if and
only if there exist substitutions o and p such that to —r up . A dp-cycle
is a nonempty subset C of dependency pairs of DP(R) if for every two (not
necessarily distinct) pairs s — ¢ and u — v in C there exists a nonempty path in
C between them. By the above lemma and employing the notion of dependency
graph, nontermination of R implies the existence of an infinite sequence of the
following form:

t1 =R ta —cts =R ta—cts -,

where t; € {t | t € Too}, C € DG(R) and the rules in C are applied infinitely
often. Such a sequence is called C-minimal. Thus, to prove termination it suffices
to verify that no such sequences can exist.

Theorem 6 (Arts & Giesl [1]). A finite term-rewriting system R is termi-
nating if no C-minimal sequence exists for any dp-cycle in DG(R).

An argument filtering is a mapping p that associates with every function symbol
either an argument position or a list of argument positions. The signature F),
contains m-ary function symbols f? for any f € F with p(f) = [i1,...,im].
The mapping p naturally gives rise to a function p: 7(F,V) — T(F,,V).

Theorem 7 (Arts, Giesl & Ohlebusch [16]). Let R be a term-rewriting
system and C be a dp-cycle in DG(R). If there exists an argument filtering and
a reduction pair (2, >) such that p(R) C 2, p(C) C Z U >, and p(C) N> #£ 0,
then there are no C-minimal rewrite sequences.

8.3 Reduction
The proof depends on the following:
Lemma 16. The pair (B4, ».4) forms a reduction pair.

Proof. One has to show that B 4 is a quasi-order that is closed under F-operations
and substitutions, that » 4 is well-founded and closed under substitutions, and
— finally — that &4 o » 4 C » 4. The first two items follow directly from the
definitions. Therefore, we only have to verify that, for all (o, a), (8,b), (y,¢) € A,
if (a,a) & (3,0) » (7,c), then also (a,a) » (7, c).

Without loss of generality, assume a = b = ¢ = 1: Assume otherwise, then
a = b = c =0 is impossible, as (4,0) » (v,0) cannot hold. Hence, the only
possibility is @ = b = 1 and ¢ = 0. But, by definition of A, this implies v = 0
and clearly (a, 1) » (0,0).
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Given that a = b = ¢ = 1 holds, the assumption specializes to a« 3= 3 > ~.
We proceed by case analysis on a« 3= . Either a > 8 and N(a) > N(f5) or
a ~ (8 and N(«) > N(8). In both cases, a »= 8 holds. Hence, by transitivity of
—, a = = follows. O

Proof (of Theorem[3). Consider the dependency pairs of D:

h(e(z),y) — h(d(z,y),S(y)) (14)

h(e(z),y) — d(x,y) (15)
d(g(g(0,2),1).5(2)) — E(e(x), d(g(g(0, ), 9), 2)) (16)
d(g(g(0,2),9),5(2)) — d(g(g(0,2),y). ) (17)
d(g(@.y), 2) — &(d(z, 2), e(y)) (18)
d(g(x,y),2) — d(,2) (19)

gle(x). e(y)) — &(x.y) (20)

(D):

Q%(15)<(1¢9)/ \(7

The above interpretation extends to the extra dependency-pair functions fas
follows: We set f4 equal to f4, with the exception of h, which we define via

H.A((a’ Cl), (ﬂv b)) = (a,a) .

Due to Theorems [l and [, it suffices to define suitable combinations of argu-
ment filterings and reduction pairs for cycles in DP(D). First, we consider the
cycle {14} and reduction pair (E 4, 4). Due to Lemma [[4] it remains to show
that R R

h(e(z),y) » h(d(z,y),S(y)) -
Let a: V — A denote an arbitrary assignment with [a]4(x) = («a,a), [a]a(y) =
(8,b). If @ > 0, then (ZI) becomes (a, 1) » (P,(«),1), where n = N(3) and
we have to show o > P,(a), which is a consequence of Definition [l Assume
otherwise @ = 0. Then (2I)) becomes (0,1) & (0,0), which follows from the
definition of the relation ».

(21)
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With respect to the remaining dp-cycles, it is easy to see how a suitable
combination of argument filterings and reduction pairs should be defined. In
particular, note that these cycles can also be handled by applying the subterm
criterion iteratively; cf. [20]. |

9 While Hydra Do

In this section, we convert the functional Hydra program £ into an imperative,
while program in stages. First, we replace each function with a similarly named
procedure call, and the tail-recursive calls with iteration:

procedure H(z): procedure D(n,x):
n:=0 u = car(z)
while x # nil do if w =nil
n:=n+1 then z := cdr(z)
D(n,x) else if car(u) =nil
then F(n,cdr(u), cdr(x))

else D(n,u)

rocedure F(n,y,x):
o (n,y,z) x := cons(u, cdr(x))

fori:=1 ton do
x := cons(y, )

Using a stack s, implemented as a list (pushing via cons, popping via car),
for the recursive calls to GG, and combining all the procedures (z is the input
hydra), we get:

n:=0
while z #nil do
n:=n+1
u = car(x)
if 4w =nil
then z := cdr(x)
else s :=nil
while car(u) # nil do
s := cons(s, cdr(z))
ri=u
u := car(x)
fori:=1 ton do
x := cons(cdr(u), )
while s #nil do
x := cons(z, cdr(s))
s := car(s)

It is easy to see that the inner loops all terminate. To show that the outer one
does, one would need to show that z, qua ordinal, decreases with each outer
iteration.
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The list operations can be arithmetized by using a pairing function, such as
cons(z,y) := (x+y+1)2+x. Then nil := 0, car(z) := z— |/z]?, and cdr(z) :=
|Vz]?2+ | /2] —2—1. (Any other set of pairing and projection functions would do
just as well.) With this in mind, and with a tiny bit of algebraic manipulation, our
final, wholly arithmetic, hard-to-prove-terminating while program is as follows:

n:=0
while z > 0 do
n:=n+1
ui=x— |z)?
ifu=0
then z := |/z| —1
else s :=0
while u > |/u]? do
s:=s+ (s+ |vVx|? + | Vx| — x)?
u;:x— |vz]?
fori:=1 ton do
v = ([Vu] +2)° + [Vu] -1
while s >0 do
im o (ot [Vl + ys) — 8)?
s:=5— [/s]?

Finally, the (integer-valued) truncated square-root |[/z| can be computed
each time by a simple loop, searching for the largest integer whose square is no
more than z:

n:=0
while z > 0 do
n:=n-+1
y:=0; while g2 +2y <2z doy:=y+1
if 2 =92
thenz:=y—1
else s:=0
r:zO;Whiler2+2r§m—y2 dor:=r+1
while x > y? + 72 do
y:=0; while 52 +2y <z doy:=y+1
s=s5+(s+y*+y—x)?
ri=x—y>
r:zO;Whiler2+2r§m—y2 dor:=r+1
fori:=1 ton dox:=r>+r—1
while s > 0 do
r:=0; whiler? +2r <s dor:=r+1
ri=x+(@+7r2+r—23)32
5:=5—12

Further simplifications are possible.
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10 The Sky’s the Limit

David Gries [I§] has averred that for deterministic (or bounded nondetermin-
istic) programs, since the number of steps of any terminating program is just
some integer-valued function ¢(z) that depends only on the program inputs z, it
is preferable to prove termination by showing “that each execution of the loop
body decreases t by at least 1”7, than to use complicated well-founded orderings.
This begs the issue, however, since the proof such a ¢ exists for a program like
Hydra requires transfinite induction up to €p, as we have seen above.

It is not hard to conjure up bigger battles, for example ones in which trees
also grow in height. The following one — meant to require T'y — is from [6]:

Gn(z) = Gnya(pnt)
P, Y, 2) = (2,Y, Pn2)
Pnt1({A,y, 2) — <A Pn+1Y, Tn(B, (A, Y, 2), 2))
(T, Yy, 2) —
Pn(B,y, 2 >—>7“n<B Y, )
Tn+1<B Yy, 2) — <B P19, Tn(B, Y, 2))
mm(z,y,z) —
z) —

(z,y,2 <x Y, 2)

The A nodes are meant to act lexicographically; the B nodes, more like multisets.
The bar acts like e of the Hydra system. Regarding the relevance to computer
science of the (least) impredicative ordinal T'g, see [14].

Moreover, I'y is by no means the end of the games. See [25] for rewrite systems
that formalize the Hydra Battle up to the small Veblen ordinal, the maximal
order type of the lexicographic path order [§]. Even larger hydras (so called
Buchholz Hydrae) have been considered by Wilfried Buchholz [3].
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Abstract. In contrast to the current general way of developing tools
for proving termination automatically, this paper intends to show an
alternative program based on using on the one hand the theory of term
orderings to develop powerful and widely applicable methods and on the
other hand constraint based techniques to put them in practice.

In order to show that this program is realizable a constraint-based
framework is presented where ordering based methods for term rewriting,
including extensions like Associative-Commutative rewriting, Context-
Sensitive rewriting or Higher-Order rewriting, as well as the use of rewrit-
ing strategies, can be put in practice in a natural way.

1 Introduction

In this paper we show how to translate into a constraint solving problem any ter-
mination proof using the Monotonic Semantic Path Ordering (MSPO) [BEROQ
and its variants for Associative-Commutative (AC) rewriting [BRO3|, Higher-
Order (HO) rewriting [BR0O1] and Context-Sensitive (CS) rewriting [Bor03]. By
using the definition of MSPO a disjunction of constraints is obtained, such
that, if any of these constraints can be solved, then the TRS is proved to be
terminating.

Our constraints have the same semantics as the ones obtained in the de-
pendency pair method (DP) [AGO0], and, in particular, one of the constraints
obtained from the definition of the MSPO coincides with the one given by DP
method (and it is unclear whether this one is always the best to be solved).
Moreover, since both kind of constraints share the same semantics, we can reuse
all techniques developed to solve DP constraints like the DP graph or many
other further developments [AGO0L [HMO05, [GTSKF06].

The framework we propose was first described in [Bor(3]. A similar framework
for the DP-method was independently proposed in [GTSKO04]. These results
show that MSPO can be seen as an ordering-based way to understand the DP-
method, and that the key point for the success of this method is the use, in
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practice, of ordering constraints, for which a wide variety of sound solvers have
been developed.

Additionally, we study the application of our techniques to prove termination
of innermost rewriting. In order to reuse our framework, the TRS is modified by
adding constraints to the rules, which approximate the restrictions imposed by
the strategy. A constrained rule can be applied if the substitution satisfies the
constraint. Hence, a TRS is innermost terminating if its constrained version is
terminating.

A constrained TRS is terminating if all instances of each constrained rule
(i.e. the instances satisfying the constraint) are included in a reduction ordering.
Therefore, we can apply MSPO but taking the constraints of the rules into
account. This is done by inheriting the constraints when applying MSPO. As
a result, we obtain a disjunction of constrained constraints, which, to avoid
confusion, will be called decorated constraints (note that the constraints coming
from the rules are applied to the ordering constraints coming from MSPO).
Using these decorated constraints we can cover all techniques applied in the DP
method for innermost rewriting. Furthermore, these decorated constraints can
be used to store other information which can be relevant for the termination
proof. The same ideas applied to the innermost strategy can be applied, as well,
to other strategies that can be approximated by means of constrained rules, like,
for instance, rewriting with priorities [vdP98].

Finally, we show, as an example, how our framework also extends to the
higher-order version of the MSPO, which can also be done for the AC-version
and the CS-version.

These results should be seen as a proof of the thesis that developing results at
the ordering level and implementing and applying them at the constraint level is
an appropriate program to obtain a general purpose tool for proving termination.

Our method has been implemented in a system called Termptation which
automatically proves termination of rewriting and innermost rewriting. The im-
plementation does not cover any of the extensions of MSPO to associativity-
commutativity, higher-order or context-sensitive rewriting, which is planed for
future development.

Basic notions and definitions are given in section Pl In sections [ and @] we
revise the dependency pair method and the monotonic semantic path ordering
respectively. Section [ is devoted to present and apply our constraint frame-
work. In section [] we adapt our framework to deal with innermost rewriting
and in section [1 we consider higher-order rewriting. Some conclusions are given
in section [l An extended version of these results and all proofs can be found

in [Bor03].

2 Preliminaries

In the following we consider that F is a set of function symbols, X a set of
variables and 7 (F, X) is the set of terms built from F and X. Let s and ¢ be
arbitrary terms in 7 (F,X), let f be a function symbol in F and let o be a
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substitution. A (strict partial) ordering > is a transitive irreflexive relation. It is
monotonic if s = t implies f(...s...) = f(...t...), and stable under substitution
if s > ¢ implies so > to. Monotonic orderings that are stable under substitutions
are called rewrite orderings. A reduction ordering is a rewrite ordering that is
well-founded: there are no infinite sequences t1 = to > ...

A term rewrite system (TRS) is a (possibly infinite) set of rules [ — r where
[ and r are terms. Given a TRS R, s rewrites to ¢ with R, denoted by s — g t,
if there is some rule | — r in R, s|, = lo for some position p and substitution o
and t = s[ro],. The defined symbols D are the root symbols of left-hand sides
of rules. All other function symbols are called constructors.

A TRS R is terminating if there exists no infinite sequence t; —g to —g ...
Thus, the transitive closure % r of any terminating TRS is a reduction ordering.
Furthermore, reduction orderings characterize termination of TRSs, i.e. a rewrite
system R is terminating if and only if all rules are contained in a reduction
ordering >, i.e., [ > r for every | — r € R.

Given a relation >, the multiset extension of > on finite multisets, denoted
by >, is defined as the smallest transitive relation containing X U {s} =~ X U
{t1,...,tn} if s=1¢; foralli e {1...n}. If > is a well-founded ordering on
terms then =~ is a well-founded ordering on finite multisets of terms.

A quasi-ordering = is a transitive and reflexive binary relation. Its inverse is
denoted by <. Its strict part = is the strict ordering > \ < (i.e, s =t iff s = ¢
and s A t). Its equivalence ~ is = N <. Note that > is the disjoint union of >
and ~, and that if = denotes syntactic equality then > U = is a quasi-ordering
whose strict part is =. > is monotonic if f(...,s,...) = f(...,t,...) whenever
s = t. An ordering >4 is compatible with a quasi-ordering =1 if =1 - =2C>».

Let =1 be a quasi-ordering and let >4 be an ordering. Then (>1,>2) is a
compatible ordering pair if =4 and =1 are stable under substitutions, >=5 is com-
patible with > and »5 is well-founded.

A precedence = is a well-founded quasi-ordering on F. It is extended to a
quasi-ordering on terms as s = ¢ iff top(s) = top(t).

3 The Dependency Pair Method

For every defined symbol f € D, we introduce a fresh tuple symbol f# (some-
times written as F for simplicity) with the same arity. If t = f( ¢ ) then t#
denotes the term f#( ¢ ). If | — r € R and t is a subterm of r with a defined
root symbol, then (I#,¢#) is a dependency pair of R. The set of all dependency
pairs of R is denoted DP(R). An R-chain is a sequence (s1,t1), (S2,t2),... of
pairs in DP(R) such that there is a substitution o where t;0c —7} siy10.

Theorem 1 (Termination Criterion [AGO00]). A TRS R is terminating if
and only if no infinite R-chain exists.

Definition 1. A pair (=1,>4) is called o DP-reduction pair if =1 is monotonic,
and (=r,>4) is a compatible ordering pair.
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Then a TRS R is terminating if there is a DP-reduction pair (>j, >4) such that
I =1 r for every rule in R and s >, ¢ for every dependency pair (s,t) in DP(R).

Many refinements and improvements for solving the obtained constraints
have been described. See [GTSKO04] for a general framework for solving DP-
constraints.

4 The Monotonic Semantic Path Order

Let us now recall the definition of the semantic path ordering (SPO) [KLS80],
with a slight modification, since we use a compatible ordering pair instead of a
quasi-ordering as underlying (or base) ordering:

Definition 2. Given a compatible ordering pair (>q,>), the SPO, denoted as
—spos 05 defined as s = f(s1,...,5m) =spot iff

1. si =spo t, for somei=1,...,m, or
2. 8mgt=yg(t1,...,tn) and S t; foralli=1,...,n, or
3. smgt=g(t1,...,tn) and {S1,...,Sm} =spoitis---,tn},

where = gpo 15 defined as =spo U =.

The semantic path ordering is well-defined, but, in general, it is not monotonic,
even when >¢ is monotonic (in fact, the same problem appears if >¢ is
monotonic).

Definition 3. We say that > is monotonic on =¢ (or >¢ is monotonic wrt.
=1)if s =rt implies f(...s...) =g f(...t...) for all terms s and t and
Sfunction symbols f.

A pair (=1,>=q) is called a reduction pair if = is monotonic, >¢ is well-
founded, =1, =g and ¢ are stable under substitutions and = is monotonic on
Q-

A triplet (=1,>q,>q) is called a reduction triplet if =; is monotonic, =
is stable under substitutions, (>=q,~q) is a compatible ordering pair and = is
monotonic on =q.

Note that in particular, if (>, *¢) is a reduction pair then (>r,>qg,>q) is a
reduction triplet.

Now we define the monotonic semantic path ordering (MSPO) [BFRO0):

Definition 4. Let (>1,=q,>q) be a reduction triplet. The corresponding
monotonic semantic path ordering, denoted by =y,spo, 15 defined as:

S >mspot if and only if s>;t and s>spot

Theorem 2. >,,.,, is a reduction ordering. Furthermore, MSPO characterizes
termination.



32 C. Borralleras and A. Rubio

5 Reduction Constraints

In this section we present the constraint framework where our termination prob-
lems are translated to. We will first present the syntax and semantics of our
constraints. Then, we show how the termination problems are translated into
constraint problem through the definition of the MSPO. Then, we present some
transformation techniques in order to solve the obtained constraints and show
how the DP method is included in ours. Finally, we show how all other trans-
formation techniques applied in the DP framework apply to ours.

5.1 Syntax and Semantics

Definition 5. A reduction constraint is a pair (Cy, Ca), where Cy is a conjunc-
tion of positive literals over the relation 31 and Co is conjunction of positive
literals over 1o and Js.

Now we provide the notion of satisfiability for reduction constraints, which is
based on reduction triplets. Hence, it is easy to show that these kind of con-
straints are the ones obtained by applying MSPO.

Definition 6. A reduction constraint (Cy,Cs) is satisfiable iff there exists a
reduction triplet (>1,>9,>2) such that > satisfies C1 and (>2,>2) salisfies
Cy, i.e. > satisfies all literals s Jo t in Co and >o satisfies all literals s 1o t
m 02.

The following definition and theorem allow us to connect the reduction triplet
semantics given above for reduction constraints with the R-chain semantics given
for the constraints obtained by the dependency pair method.

In what follows, we will speak about the relation J; in C1, or simply Jy, as
the relation defined by all instances of all s J; ¢ in C7. We have not used a new
relation symbol to ease the reading. The same will be done for the relation s
in Cy (or simply Js) and the relation Jy in Cy (or simply Ts).

Then, we use —XEI for the reflexive and transitive closure of the monotonic
with non-empty contexts (and stable under substitution) closure of J; in C.

Definition 7. Let (C1,C2) be a reduction constraint. A pair (s,t)o, with O
being either Jo or Ja, is said to be in Cy iff s O t occur in Co (up to renaming
of variables). It is said to be strict if O is Ja.

A sequence of pairs of terms ($1,€1)0,, (S2,12)0,, - - - s @ chain in (Cy,Ca) if
every (s;,ti)o, is in Cy and there exists a substitution o such that t;o —X&l
8i+10 holds for all consecutive pairs (s;,t;)o, and {(Siy1,tiy1)0 in the se-
quence.

it1
Lemma 1. If Cy = {l Jy r | VIl — r € R} the notion of R-chain using depen-
dency pairs coincides with the notion of chain using our pairs (s,t)o.

Theorem 3. A reduction constraint (C,Cs) is satisfiable iff there is no chain
in (C1, C2) with infinitely many strict pairs.
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From this theorem it follows that the constraints obtained by the dependency
pair method are reduction constraints, as we will show in detail in section [5.41

5.2 Translating MSPO-Termination of Rewriting into Reduction
Constraint Solving

Using MSPO, we can translate our termination problem into a reduction con-
straint solving problem. This translation is simply based on applying the defin-
ition of MSPO, and SPO, to the rules of the TRS.

Let R be a set of rules {l; — r; | 1 < i <n}. We consider the following initial
MSPO-constraint:

l1 >=mspo T'1 A N, =mspo Tn

Which is transformed by applying the definition of MSPO into a conjunction of
two constraints, C; and Cgspo

Cr: =1 A AN, =17
Cspo : g > spo riA.. N, >spo n

Now the definition of SPO given in Section Ml is applied to the second part of
the constraint. This is formalized by means of correct constraint transformation
rules:

Srspot =T ifs=t

S Zspot =8 >gpo t ifs#t

T =spot = L

S >spo T =T if s £ x € Vars(s)
s=f(S1,-.,8m) =spo g(t1, ..., tn) =t =

81 Zspo tV ...V Sm Zspo t V
(8 =gt NS >spot1 Ao i NS >spo tn)V
(s =@t A{s1,--sSm} = spof{ti,- - tn})

where {s1,...,8m} =>spo{t1,...,t,} is translated into a constraint over > g,
and >__spo-

It is easy to see that these transformation rules are correct, terminating and
confluent. Moreover, the resulting normal form is an ordering constraint over
=4 and =g which represents the conditions on >, and =g that are necessary
to show that Cspo is true. Then after computing the disjunctive normal form,
the initial constraint C's po has been translated into a disjunction of constraints
over -4 and =g each one of the form

Co: si>qtiAN...Asy=gty NSy =i A...Ns, =gt

where none of the terms are variables.

Now we have to find a reduction triplet (=, >q, =) satisfying C; and one of
these constraints C'g, which means that this is a reduction constraint satisfaction
problem as the following theorem states.
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Theorem 4. Let R be a TRS and let C; be the constraint over =1 and let
C’é? V..V C’g be the disjunction of constraints over =, and =g obtained by

applying the MSPO method. Then R is terminating iff some reduction constraint
(Cr1,Cy) is satisfiable.

From the previous theorem, in order to prove termination, we have to show
that some reduction constraint (Cfy, C’b) is satisfiable. To this end, we have to
provide some correct (wrt. satisfiability) constraint transformation techniques
which allow us to simplify the constraints until they can directly be shown to be
satisfiable by building an actual reduction triplet (or pair).

From now on, we will assume that we have a reduction constraint (C, Cs),
which is transformed step by step, preserving satisfiability, into one or sev-
eral simpler reduction constraints of the form (S;,S2). After this simplification
process, each resulting reduction constraint (S, S2) is proved satisfiable sepa-
rately by building an appropriate reduction quasi-ordering > (or a compatible
ordering pair (>, >) where > is monotonic), which includes all literals in S; and
So. Note that, if = is a reduction quasi-ordering and > is the strict part of it,
then (=, =, >) is a reduction triplet.

5.3 Constraint Transformations

In this section we propose some basic techniques for simplifying the reduction
constraint (Cy, Cy).

A first simple example of such a simplification, is obtained by using a well-
founded precedence on the set of symbols. Thus every literal s s ¢ or s Jo t
can be removed if the top symbol of s is strictly greater than the top symbol of
t in the precedence. Moreover, the remaining literals s Iy ¢ or s Js t in C have
to fulfil that the top symbol of s is greater than or equal to the top symbol of ¢
in the precedence.

Being precise, if = is a precedence, such that top(s) =x top(t) for every
s Jo t or s Jdo tin Co, then we can simplify the constraint Cy by using the
following rules:

Precedence simplification rules

s gt = T if top(s) > top(t)
s Jot =T if top(s) >r top(t)

By building appropriate reduction triplets, we can easily show the correctness
of this transformation.

Transformation 1. Let (C1,Cs) be a reduction constraint and let (C1,C%) be a
reduction constraint obtained by applying the precedence simplification rules wrt.
some precedence = x such that top(s) =z top(t) for every s Ja t or s Jo t in
Cy. Then (Cy,Cy) is satisfiable if and only if (Cy,C%) is satisfiable.

Moreover, if we choose adequately the precedence we can apply an optimal sim-
plification with respect to this precedence-based transformation.
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Now we present a transformation technique, based on renamings of top func-
tion symbols (as already done in the dependency pair method). This transforma-
tion is not a simplification in the sense that no literal is removed, but it allows
us to apply, in the future, a different treatment to the symbols when they occur
on top of a term in Cy (which will ease the proof of satisfiability of the final
reduction constraint obtained after all the simplification process).

Transformation 2. (Renaming) Let (Cy,C2) be a reduction constraint and let
C} the result of renaming all function symbols f heading a term in Cz by a new
symbol f#. Then (Cy, Cy) is satisfiable iff (Cy1,Ch) is satisfiable.

5.4 Reduction Constraints and the DP Method

In this section we show that the constraints obtained in our method have the
same semantics as the ones produced by the dependency pair method. In partic-
ular, we show that one of the constraints obtained in the disjunction when using
the MSPO constraint method coincides, after applying the precedence and the
renaming transformations, with the one given by the DP method.

The following results states that the constraint obtained by the dependency
pair method is a reduction constraint.

Theorem 5. Let R be a TRS and let Cy be the constraint containing l; 31 r;
for every rule l; — r; in R and let Cy be the constraint containing s o t for
every dependency pair (s,t) in DP(R). Then R is terminating iff the reduction
constraint (Cy,Cy) is satisfiable.

Now, using always case 2 of the definition of SPO, except when the term on the
right is a variable (where we apply case 1), and applying precedence transforma-
tion (with defined symbols greater than constructors) and finally the renaming
transformation we get the constraint given by the DP method. Moreover, it is
not difficult to prove that there is a reduction triplet (=, >q, =) if and only if
there is a DP-reduction pair (-, >,) solving the resulting reduction constraint.

Theorem 6. The dependency pair method is included in the MSPO constraint
method.

The following example shows a case in which the constraint obtained by DP-
method is, in principle, not the easiest one to be solved among all constraints
generated by MSPO.

Example 1. The following system is an automatic translation of a prolog pro-
gram that computes the Ackermann function.

ack in(0,z) — ack out(s(x))
ack in(s(y),0) — ull(ack in(y, s(0)))
ull(ack out(z)) — ack out(z)
ack in(s(y), s(x)) — u2l(ack in(s(y),z),y)
u2l(ack out(z),y) — u22(ack in(y, x))
u22(ack out(xr)) — ack out(x)
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This system has been proved included in the MSPO with a constraint which
for the rule
u2l(ack out(z),y) — u22(ack in(y,x))

contains the following literals which correspond to the application of case 2 first
and then case 3 of the SPO:

u2l(ack out(x),y) =4 u22(ack in(y,x))
u2l(ack out(x),y) =q ack in(y,x)

Note that with the DP-method both, at least initially, would be strict.

Similarly, the constraint framework defined in [GTSKO04] is basically the same
as the one described in this paper, except on the fact that, since we extract
our constraints from the definition of MSPO, our constraint Cy may include
non-strict inequalities from the beginning.

Due to this equivalence between both frameworks all sound transformation
techniques described in [GTSK04| (called there processors), including , for in-
stance, the DP graph or many other ideas developed in [AG00, [HMO05, [GTSKF06]

can be used in our framework and vice versa.

6 Innermost Rewriting: Constrained Rules

In innermost rewriting, a subterm is a redex only if all arguments are in normal
form. Therefore, we can impose this condition on the left-hand sides of the rules.
In this section we show a way to keep this condition aside of the rules and
then use this information to prove innermost termination with the reduction
constraint framework.

Definition 8. Let R be a TRS. Then s —Z>R t is an innermost rewriting step if
s =ullo], t =u[ra], l — r € R, and all the proper subterms of lo are in normal
form, that is, lo is irreducible in non-top positions.

As a first consequence of the above definition, when using innermost rewriting,
all the rules in a TRS which has a proper subterm [|, such that for any normal
substitution o, I|,0 is a redex, can be eliminated.

Note that we can still have rules which have a proper subterm |, such that
l|,0 is a redex for some normal substitution o, but not in general.

To prove innermost termination of a TRS, we have to show that any innermost
reduction is finite, which can be proved by showing that any innermost reduction
is included in a well-founded ordering.

Theorem 7. A rewrite system R over a set of terms T (F, X) is innermost ter-
minating if and only if there is a well-founded, monotonic ordering over T (F,X)
such that for every Il — r € R and for all substitutions o such that lo is irre-
ducible in non-top positions, lo = ro.
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Note that if a term ¢ is irreducible then any subterm of ¢ is also irreducible. Thus,
the condition ”lo is irreducible in non-top positions” in the above theorem can
also be written as ”[;o is irreducible for all ; argument of {”.

This condition of irreducibility can be expressed by adding a constraint to the
rules. For instance, given the rules

fw,9(x)) — (1, 9(x))

)
g9(1) — g(0)

the innermost condition can be expressed by the constrained rules

fx,g(x)) — f(1,g(x)) | {irred(z),irred(g(x))}
9(1) — 9(0) | {irred(1)}

Let us formalize the notion of constrained rule and its use in innermost
rewriting.

Definition 9. Given a rule | — r and a conjunction K of literals build on a
given set of predicates, we say that | — r | K is a constrained rule.

A rewrite step using a constrained rule | — r | K is a rewrite step usingl — r
which is only applicable for those substitutions o satisfying K, i.e., s — t using
the constrained rule | — r | K iff s = u[lo] — ulro] =t for some context u and
substitution o solution of K.

Now we show that by using constrained rewriting with irreducibility constraints
we can characterize the innermost rewriting strategy.

Definition 10. Let R be a set of rules. The set R’ of constrained rules for
innermost rewriting contains for each rule | — r € R a constrained rule | —
r | Ki(l) where K*(f(t1,...,tn)) = {irredg(t;) | Vi € {1,...,n}} and irredg(t)
means that t is irreducible with respect to R.

Irreducibility constraints are used in the CARIBOO system [FGK02], by means
of abstraction constraints. However, our aim when using these constraints is to be
able to apply the same constraint solving techniques as in the innermost version
of the DP method, like, for instance, when building the approximated innermost
DP graph.

Lemma 2. Let R be a set of rules. Then, s Lt using |l — r € R if and only
if s — t using the constrained rewrite rule | — r | K'(l) € R'

This notion of constrained rewriting can be generalized other relations like or-
derings.

Definition 11. Given two terms s and t and a set of literals K, s = t | K
denotes that so »= to for all solutions o of K; and s = t | K denotes that
so = to for all solutions o of K.

The following theorem for innermost termination follows from Theorem [1 using
Lemma [ and Definition [l
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Theorem 8. Let = be a reduction ordering. A TRS R is innermost terminating
iff | =1 | Ki(I) holds for every rule | — r € R.

Corollary 1. A TRS R is innermost terminating iff there exists a reduction
triplet (=1, 7q,>q) 8-t. L =mspo 7 | K'(1), for every |l —r € R.

In order to be able to use constrained rules in our method, first we have to adapt
the notion of reduction constraints.

6.1 Decorated Reduction Constraints

We will now increase the expressive power of our reduction constraints (Cy, Ca)
by attaching conditions to the pairs in C'; and C5. These conditions will contain
all or part of the information coming from the constraints of the rules.

Definition 12. A decorated literal (or pair) I | D is a literal (pair) | with an
attached condition D.

A decorated reduction constraint is a tuple (Cy, Cs), where C is a conjunction
of decorated positive literals over the relation Ji and Cy is a conjunction of
decorated positive literals over Jo and Jo.

Definition 13. A decorated reduction constraint (C1,C2) is satisfiable iff there
exists a reduction triplet (>1,>9,>2) such that > satisfies C1 and (>2,>2)
satisfies Ca, i.e., >o satisfies all decorated literals s Jo t | D in Cy and >o
satisfies all decorated literals s Ja t | D in Cs.

From this, all definitions and results given for reduction constraints can be
extended in a natural way to decorated reduction constraint (see [Bor03] for
details).

6.2 Proving Termination of Constrained Rules by MSPO Using
Decorated Reduction Constraints

We can translate the termination problem of a set of constrained rules into an
ordering constraint solving problem using decorated reduction constraints. This
translation is simply based on applying the definition of MSPO, and SPO, to a
set of constrained rules.

Let R be a set of constrained rules {(I; — r; | K;) | 1 <i < n}. We consider
the following initial MSPO-constraint:

I >mspo7’1|K1/\.../\ln >msporn\Kn

This decorated ordering constraint is transformed by applying the definition of
MSPO into the conjunction of two decorated ordering constraints, C; and Cspo

Cr: 11EIT1|K1/\.../\lnt[7"n|Kn
Cspo : 1 > spo T1|K1/\.../\ln > spo ’I“n‘Kn
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Now the definition of SPO given in Section [ is applied to the second part of
the constraint. This is formalized by means of correct constraint transformation
rules:

Srspot | K= L if K is false
Srspot | K=T ifs=t

$Srspot | K= 8>=gpot | K if st

Srspot | K= L if K is false

T ot | K= L

S spot | K=T if s £ x e Vars(s)

$=f(S1,--y8m) >spo g(t1,. .. tn) =t | K =
$1 7spot | KV ...V sy Zepo t | KV
(sqt | KAs>spot1 | KAN...AS =gpotn | K) V
(s=gt| KA{s1,..-s8m} =spofti,. ...t} | K)

where {s1,...,8m} ==spo{t1,...,tn} | K is translated into a decorated ordering
constraint over >, and = gpo.

As for the case of (non-constrained) rewriting, it is easy to see that these
transformation rules are correct, terminating and confluent. Moreover, the re-
sulting normal form is a decorated ordering constraint over >, and >=¢. Then
after computing the disjunctive normal form, the initial constraint Cspo has
been translated into a disjunction of constraints over ~, and = each one of the
form

Co: si=qti | KiA. Asp=qty | KyAsy = th | Ky Ao Asy =gty | K,

where none of the terms are variables.

Note that all K coincides with some of the K; coming from the rules R (i.e.,
no new constraints are generated).

Now, as for the non-decorated case, we have to find a reduction triplet satis-
fying Ct and one of these decorated constraints Co.

Theorem 9. Let R be a set of constrained rules and let C; be the constraint
containing l; = r; | K; for every constrained rule l; — r; | K; € R, and let
Ccl2 U... UCé be the disjunction of decorated ordering constraints over =, and =g
obtained by applying the MSPO constraint method for constrained termination.
Then the set of constrained rules R is terminating iff some decorated reduction
constraint (CI,Cé2> is satisfiable.

In particular, for innermost termination, we have the following corollary.

Corollary 2. Let R be a TRS and let R’ be the set of constrained rules |
r | K'(1) for every | — r € R. Then R is innermost terminating iff (Cr,Cf) is
satisfiable for some decorated reduction constraint <C1,C22> obtained by applying
the MSPO method to R".

Now, as seen for (non-constrained) rewriting, in order to prove termination we
have to show that some decorated reduction constraint (Cr,C)) is satisfiable. All
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transformations known for non-decorated constraints can also be used for trans-
forming decorated reduction constraints, although, in some cases, the transfor-
mation can be improved by using the additional information of the decorated

pairs (see [Bor03] for details).

7 Higher-Order Rewriting

In this section we extend the results on first-order rewriting to the higher-order
case. The aim of this section is to show the generality of our approach and how
simple is to extend it to other kind of rewriting. Due to the lack of room we
will present a very simple form of the monotonic higher-order semantic path
ordering. Moreover, we will consider a very simple type system, which is enough
to present our ideas. See [JROT, for more powerful versions.

7.1 Types, Signatures and Terms

We consider terms of a simply typed lambda-calculus generated by a signature
of higher-order function symbols.

The set of types T is generated from the set Vp of type variables (considered
as sorts) by the constructor — for functional types in the usual way. As usual,
— associates to the right. In the following, we use «, § for type variables and
o, T, p, 0 for arbitrary types.

A signature F is a set of function symbols which are meant to be algebraic
operators, equipped with a fixed number n of arguments (called the arity) of
respective types o1 € T,...,0, € T, and an output type o € T. A type decla-
ration for a function symbol f will be written as f : 07 X ... X 0, — 0. Type
declarations are not types, although they are used for typing purposes.

The set 7T (F,X) of raw algebraic A-terms is generated from the signature F
and a denumerable set X’ of variables according to the grammar rules

T=X|(\X:T.7T)|Q7,7)| F(T,...,T).
Terms of the form A\r : o.u are called abstractions, while the other terms are
said to be neutral. For sake of brevity, we will often omit types. @(u,v) de-
notes the application of u to v. The application operator is allowed to have a
variable arity. As a matter of convenience, we may write @Q(u,vy,...,v,) for
Q(Q(...Q(u,v1)...),v,), assuming n > 1.

7.2 Typing Rules

Typing rules restrict the set of terms by constraining them to follow a precise
discipline. Environments are sets of pairs written x : o, where = is a variable
and o is a type. Our typing judgments are written as I" = M : ¢ if the term M
can be proved to have the type ¢ in the environment I" with the following type
system

) Functions:
Varlabl(;S: fio1X...xop =0 €F
T:0€ 'kt tiior ... T F tn:on
'+ z:0

I+ f(tl,...,tn):(f
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Abstraction: Application:
rv{z:o} F t:7 I'-s:o—=1 I'kFt:o
't Mz:ot)io—T I' - Q(s,t): 7

7.3 Higher-Order Rewriting and Termination

The rewrite relation considered in this paper is the union of the one induced by a
set of higher-order rewrite rules and the S-reduction rule @(A\z.v,u) — 4 v{z
u}, both working modulo a-conversion. For simplicity reasons, in this work we
do not consider n-reduction, although all results can be extended to include it.

A higher-order term rewrite system is a set of rewrite rules R ={I" + [; —
ri}i, where [; and r; are higher-order terms such that I; and r; have the same
type o; in the environment I

Given a term rewriting system R, a term s rewrites to a term t at position
p with the rule I" F [ — r and the substitution v, written s :p;t, or simply

s —nrt, if s, =1y and t = s[rvy], (modulo a-conversion).

Higher-order reduction orderings are basically reduction orderings
(monotonic, stable under substitutions and well-founded) operating on typed
higher-order terms and including S-reduction. A higher-order rewrite system R
is terminating if there is a higher-order reduction ordering > such that [ > r for
all rules I — r in R.

7.4 The Higher-Order Semantic Path Ordering (HOSPO)
From now on, to ease the reading, we will omit the environments in judgments.

Definition 14. Given a compatible ordering pair on higher-order typed terms
(=@, >q) (where none of =g and =, needs to include 3-reduction), the HOSPO,
denoted as >pspo, is defined as s :T =pspot T iff

1. feF, s=f(s1,...,5m) and $; Zpspo t, for somei=1,....m, or

2. f,g € F.s = f(s1,.--,8m) =q t = g(t1,....tn) and for all i = 1,...,n,
either 8 =hspo ti OT 8§ Zhepo t for some j=1,...,m, or

3 f,geF, s=f(s1,...,8m) =@t =9g(t1,...,tn) and
{81, -, Sm} ==hspoltis... . tn}, or

4o fE€F, s=f(81,.-y8m), t =Q(t1,...,t,), and for alli=1,... n,
either 8 =phepo ti O Sj Zhspo t for some j=1,...,m, or

5 s = @(817 82), t= @(thtg), {817 82} >>‘hspo{t1;t2}; or
6. s =X z.u, t = Ax.0, U >pspo U, OT
7. s = Q(Az.u,v) and u{x — v} Zpepo t

where =hspo 5 defined as =pepo U a-conversion.

Definition 15. Let (>=1,>q,>4) be a reduction triplet on higher-order typed
terms. The monotonic higher-order semantic path ordering (MHOSPO), denoted
by =mhspo, s defined as

S >mhspo t if and only if s>t and s >=pspot
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Theorem 10. >,,4spo 5 a higher-order reduction ordering.

Finally we show how to translate a MHOSPO termination proof into a (higher-
order) reduction constraint problem (C7,C3). The constraint Cy is obtained as
before from =;. To obtain Cy we use the definition of HOSPO.

This is formalized by means of correct constraint transformation rules like (we
only outline the ones that are different from those in [5.2)):

s=f(s1,---5m) >hspo (t1,. .., tn) =t =
Viver $i Zhapo £V
(S >_q t/\ti:T'(s >_h3PO tl v \/SjtT Sj thSIDO tl)) \
(s =@ t A{s1,---ySm} = hspoltis---rtn})
s=f(s1,---,5m) >hspo Qt1,...,1,) =t =
/\ti:T'(s >_h3PO tl v \/Sj:‘l' S >—_hSP0 tz)

But, note that, due to the type conditions, the transformation rule

S >=hspo @ => T if s Z x € Vars(s)
does not hold in general, and hence there might be terms on the right hand side
of literals in C5 being a variable.

Ezxample 2. Filter. To make it simpler we only consider a type variable a.
Let Vi = {a}, X ={x,2s:a, P:a— «a} and

F=A{[]:a, cons:axa— «, True,False : a, filter: (o — a) X a — a,
iffil :ax(a—a)xaxa—al

filter(P,[]) — ]

filter(P, cons(z,xs)) — if fil(Q(P, z), P,x,xs)
if fil(True, Pz, xs) — cons(zx, filter(P, xzs))
if fil(False, P,x,xs) — filter(P, xzs)

The constraint Cy is obtained as before:

filter(P]])) =1 ] A filter(P,cons(z,xzs)) =1 if fil(Q(P,z), P,x,xs) A

if fil(True, P,x,xs) =1 cons(z, filter(P,xs)) A

if fil(False, P,x,xs) =1 filter(P,xs)

and as one of the constraints for Cy we have:

filter(P, cons(x, xs)) =q if fil(Q(P,z), P,z,xs) A

if fil(True, P, x,xs) >4 cons(z, filter(P,xs)) A

if fil(True, P,x,xs) =¢ filter(P,xs) N iffil(False, P,x,xs) =¢q filter(P,xs)
Now using the precedence transformation and then the renaming transforma-

tion we obtain

Filter(P, cons(z,xs)) »=q If fil(Q(P,x), P,z,zs) A

Iffil(True, P,x,xs)>=q Filter(P,xs) A Iffil(False, P,z,xs)>q Filter(P, zs)
Finally, the reduction constraint is solved by taking ~;=>¢ and >, as the

strict part of ¢, which is defined by a simple polynomial interpretation like

[nil| = 0; |cons(z1, x2)| = x2 + 1; | filter(x1, z2, x3)| = 3;

lif fil(x1, 2, 3, x4)| =24+ 1; | Filter(xy, o, x3)|=x3; | I f fil(x1, 22, T3, T4)| =24.
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8 Conclusions and Future Work

Termptation (available at http://www.lsi.upc.es/"albert) is a fully auto-
mated system for proving termination of first-order term rewrite systems which
follows the termination proof techniques described in this paper.

The current implementation of the system has to be improved in several ways.
On the one hand, by incorporating the state of the art techniques for solving re-
duction constraints. On the other hand, by extending the system to handle other
reduction strategies, as well as AC-rewriting, CS-rewriting and HO-rewriting.

We are especially interested in the HO-case, since we consider that it is a
difficult case were our working program of developing theory at the level of
orderings and practice at the level of constraints may be the right one to build
a powerful termination tool.
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Narrowing, Abstraction and Constraints for
Proving Properties of Reduction Relations
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Abstract. We describe in this paper an inductive proof method for
properties of reduction relations. The reduction trees are simulated with
proof trees generated by narrowing and an abstraction mechanism. While
narrowing simulates reduction, abstraction relies on the induction prin-
ciple to replace subterms by variables representing specific reduced forms
that trivially satisfy the property to be proved. The induction ordering
is not given a priori, but defined with ordering constraints, incrementally
set during the proof. Abstraction constraints are used to control the nar-
rowing mechanism, well-known to easily diverge. The proof method is
briefly illustrated on various examples of properties.

1 Introduction

When working with infinite sets in verification or theorem proving, several con-
cepts have been proved quite useful: induction, constraints, abstraction, narrow-
ing. Equation solving, inductive theorem proving, deduction with constraints,
model checking, abstract interpretations, reachability analysis are a few domains
in which they have been introduced as essential features. In particular, they are
often used in the context of reduction relations, and especially rewriting rela-
tions, that can model many kinds of deduction or computation processes, thanks
to the power of rewriting logic [49] and rewriting calculus [9]. We propose in this
paper a method that combines these different ingredients to prove properties
often required for reduction relations.

The main idea of the proof principle is to proceed by induction on a well-
founded set with a noetherian ordering >, assuming that for any ¢’ such that
t = t/, the proposition P holds for ¢, and then deducing that P holds for ¢. Unlike
classical induction proofs, where the ordering is given, we do not need to define
it a priori. We only have to check its existence by ensuring the satisfiability of
ordering constraints incrementally set along the proof.

The class of properties expressed by propositions P that may be handled will
be made more precise later on, but in order to support intuition, we can already
mention some of them:
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— termination under a strategy: the proposition P for a given term ¢ is “all
S-derivations issued from ¢ terminate”, where a S-derivation is a sequence
of rewriting under a strategy .S,

— weak termination proofs: P is “there is a terminating S-derivation issued
from t”,

— definition completeness and existence of constructor forms: P is “there is a
derivation issued from ¢, leading to a constructor form”.

Such properties will serve as examples all along this paper to illustrate the
different notions in our general approach. We rely on our previous works on
termination under the innermost [I8], outermost [19], and local strategies [17],
weak termination under the innermost strategy [20] and existence of constructor
forms [26]. Further examples are being explored and may give an idea of other
ways to apply the proof method for different properties:

— (weak-)reducibility of requests to specific answers: for any given ground term
t headed by a defined symbol, “t has a derivation leading to a constant in a
given set”,

— termination of probabilistic rewriting: for a given t, “the average length of
probabilistic derivations issued from ¢ is finite”,

— termination of a transition system: for a given initial state s, “all transition
sequences starting from s terminate”.

Some of these properties may be or have been proved with alternative
methods, which are based for instance on automata techniques for reachabil-
ity problems, or on reduction orderings or dependency pairs for termination.
For properties like termination under the outermost strategy, weak termina-
tion, or reducibility to a constructor form when the reduction relation does not
terminate, to our knowledge, our approach is the first one to provide a proof
technique.

The paper is organized as follows: after introducing the background in Sec-
tion 2, we present in Section [B] the inductive proof principle of our approach.
Section [ develops the basic concepts of the inductive proof mechanism based
on abstraction and narrowing, and the involved constraints. Section [l presents
the proof procedure and states the general theorem with its conditions of appli-
cation. Section [f] shows how the proof of a weak property with this method also
provides a way to constructively select interesting derivations. Applicability of
the approach and related work are addressed in Section [ and [ respectively.

2 The Background

We assume the reader familiar with the basic definitions and notations of algebras
and term rewriting given for instance in [2[I5/T4I4]. For simpler notations, we
only consider here unsorted terms, but the framework could be generalized to
order-sorted signatures as defined for instance in [29/50].
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Abstract Reduction Systems. An abstract reduction system (M, —) is given
by a set and a reduction relation —C M x M. A derivation is a chain of elements
a1 — az — ...a, ; ap and a, are respectively called the source and the target of
the derivation. The element a is irreducible iff there exist no b such that a — b.

Terms, Substitutions, Instantiations. 7 (F, X) is the set of terms built from
a finite set F of function symbols f with arity n € N (denoted f : n), and a
set X of variables denoted x,y.... Var(t) is the set of variables of the term
t. T(F) is the set of ground terms (without variables). Symbols of arity 0 are
called constants. Positions in a term are represented as sequences of integers.
The empty sequence € denotes the top position. Let p and p’ be two positions.
The position p is a (strict) prefix of p’ (and p’ suffix of p) if p’ = pA, where A is
a (non-empty) sequence of integers. If p is a position in ¢, then ¢[t'], denotes the
term obtained from ¢ by replacing the subterm at position p by the term ¢’.

A substitution is an assignment from X to 7(F,X), written ¢ = (z —
t)...(y — wu). It uniquely extends to an endomorphism of 7 (F,X). The re-
sult of applying o to a term t € 7(F,X) is written o(¢) or ot. The domain
of o, denoted Dom(c) is the finite subset of X such that oz # z. Id denotes
the identity substitution. The composition of substitutions oy followed by o5 is
denoted o2 o g1 or simply o207 .

An (A-)instantiation is an assignment 6 from X to an F-algebra A, which
extends to terms by setting 0(f(t1,...,t,)) = fa(0(t1),...,0(tn)), where fa
denotes the interpretation of f in A.

An F-equality is an unoriented pair of terms of 7(F,X). A set E of
F-equalities defines a congruence relation on terms denoted =pg. The FE-
subsumption ordering on terms is defined as follows: ¢ <g t' if there exists a
substitution o such that ¢ =g o(t). The relations =g and <p are extended to
substitutions. An E-unifier of two terms ¢ and t’ is a substitution ¢ such that
o(t) =g o(t’). A complete set of E-unifiers of ¢ and ¢’ is denoted C'SUg(t,t').
When FE is empty, the CSUE(t, t') has at most one element, called most general
unifier (mgu) when it exists.

Orderings. An ordering > on 7 (F,X) (and more generally on a set M) is
noetherian iff there is no infinite decreasing chain for this ordering. It is monotone
iff for any pair of terms ¢,t' of 7 (F, X), for any context f(... ... ), t = t’ implies
fl.t..) = f(...t'...). It has the subterm property iff for any ¢ of 7 (F, X),
f(o..t...) = t. It is stable by substitution iff for every substitution o, t > ¢/
implies ot = ot’. For F and X finite, if > is monotone and has the subterm
property, then it is noetherian [43].

Rewriting. A set R of rewrite rules is a set of pairs of terms of 7T (F,X),
denoted I — r, such that [ ¢ X and Var(r) C Var(l). In this paper, we only
consider finite sets of rewrite rules.

The rewriting relation induced by R is denoted by —x (— if there is no
ambiguity on R), and defined by s — ¢ iff there is a substitution o and a



Narrowing, Abstraction and Constraints for Proving Properties 47

position p in s such that s|, = ol for some rule I — r of R, and ¢ = s[or],. This
is written s —%’ZHT’U t where either p, I — r, 0 or R may be omitted; s|, is
called a redex. The reflexive transitive closure of the rewriting relation induced
by R is denoted by Sx.

In the rewriting context, the set of function symbols is often split into a set C
of constructors and a set D of defined functions. C and D are either arbitrarily
given, or defined w.r.t. the rewrite system R: a function symbol is a constructor
iff it does not occur in R at the top position of a left-hand side of rule, and a
defined function symbol otherwise. A constructor term is a term built only with
constructors.

The notion of strategy is fundamental for rewriting and can be defined in a
general way, slightly different from the one used in [4]: a rewrite strategy S for
the rewrite system R is a subset of the set of all derivations of R. The application
of a strategy S on a term ¢ is denoted S(t) and defined as the set of the targets
t" of all derivations of source ¢ in S. When a rewrite step belongs to a derivation
of the strategy S, it is denoted by —°.

A strategy could be described extensively or more suitably by a strategy lan-
guage like in ELAN [40] Stratego [57], Tom [523] or more recently Maude [II]
The semantics of such a language is naturally described in the rewriting cal-
culus [9T0]. A strategy language involves rules as basic elements and offers
strategy combinators and iterators to build more complex strategy expressions.
Well-known rewriting strategies allow controlling the application of rules over
subterms, performing term traversal and normalizing terms: in this paper, we
consider in particular the innermost, outermost and local strategies on operators
whose definitions can be found in [27] and in [52].

For any term of a term algebra, ¢ terminates (under the strategy S) iff every
rewriting derivation (under the strategy S) starting from ¢ is finite. If ¢ — ' and
t' is irreducible (under the strategy S), then ¢’ is called a normal form of ¢ (under
the strategy S). Remark that given ¢, its normal form (under the strategy )
may be not unique.

A rewrite theory on 7 (F,X) is a triple (F, E,R) where FE is a finite set of
equalities and R a finite set of rewrite rules. The relation —x,p on 7T (F,X)
is the sequential composition of relations =pg; —r;=pg. It induces a relation
—x/E on the quotient algebra 7(F)/ =g by [tlg —r/e [t'|e iff t =g/ 1.
The relation —x g on 7 (F, X) is defined by s —x g ¢ iff there is a substitution
o and a position p in s such that s|, =g ol for some rule | — r of R, and
t = slor]p.

Narrowing. Let R be a rewrite system on 7 (F, X). A term ¢ is narrowed into
t', at the non-variable position p, using the rewrite rule [ — r of R and the
substitution o, when o is a most general unifier of ¢|, and I, and t' = o (t[r],).
This is denoted ¢ w%’l_”’” t’ where either p, | — r, 0 or R may be omitted. It
is always assumed that there is no variable in common between the rule and the
term, i.e. that Var(l) N Var(t) = (). Assuming that F has a finitary complete
unification algorithm, the narrowing relation ~»r g on 7 (F,X) is defined by
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t w%’)l;”’ t" iff there exist a non-variable position p, a rewrite rule [ — r of R
and a substitution o € CSUg(t|p, 1), and t' = o(t[r],).

In this paper, the sets M of interest are F-algebras A, and in particular
the terms algebras 7(F), T(F)/ =g and 7 (F,X). The reduction relations —
are the rewriting relations —x, —r/g, —r, g, rewriting relations according to
strategies (innermost, outermost, local), or the narrowing relations ~»z, ~»x z.

3 The Inductive Proof Process

From now on, we assume that the set M is non empty and that there is a
noetherian ordering >~ defined on elements of M. For proving the proposition
P for any element ¢ of M, we proceed by induction on M with the ordering >
as noetherian induction relation, assuming that for any ¢ such that ¢ = ', the
proposition P holds for #'.

3.1 P-Canonical Forms

All properties addressed in this paper can be expressed by propositions P in-
volving the reduction relation — and specific elements of M characterized by a
decidable property: for termination proofs, this is the property of irreducibility
w.r.t the reduction relation, for completeness proofs, this is the syntactic prop-
erty to be built only with constructors. We distinguish those particular elements
of M by calling them P-canonical elements. Then a strong proposition is stated
on any given element ¢ of M as: on every derivation of source t, there is a P-
canonical element, while a weak proposition is: there is a derivation of source ¢
having a P-canonical element. This leads to the definition of P-canonical form
of an element.

Definition 1. Let (M, —) be an abstract reduction system, P a proposition to
be proved on M and T C M a decidable set of P-canonical elements. A P-
canonical form t{ of a term t is an element of T belonging to a derivation of
source t.

3.2 Covering Patterns and Simulation

Our goal is to inductively prove a proposition P on M. For that, we simulate
(M, —) with another abstract system (N, ~), by establishing a correspondence
between the elements of M and A/ and between the reduction relations — and ~.

In the following, we choose for N the set of terms with variables 7 (F,X).
Let us first define a set of patterns which are flat terms, i.e. terms of the form
f(z1,...,z,) with f € F. We relate patterns to elements of M by considering
all their possible instantiations 6(f(x1,...,x,)). More generally, for a term u
with variables, we denote by (u) the set {0(u) | € &} where P is the set of
all instantiations of 7 (F,X) into M. This definition extends to set of terms
U ={u1,...,u;} in the following way: (U) = {{u1), ..., (ur)}.



Narrowing, Abstraction and Constraints for Proving Properties 49

Then the correspondence between the reduction relations — and ~ is ex-
pressed with a simulation. According to the property to be proved, from a given
term, only relevant reduction steps have to be considered. For example, for strong
proposition statements, the set of P-relevant reduction steps from a term is the
set of all reduction steps from this term. For weak proposition statements, the
set of P-relevant reduction steps from a term is reduced to any reduction step
from the term.

Definition 2 (P-simulation). Let (M,—) and (N,~) be two abstract re-
duction systems. (N,~) is a P-simulation of (M,—) iff there is a relation
L C N x M, such that for every P-relevant reduction step ay — ao, with
ai,az € M, there is a corresponding reduction step by ~» ba, with by,ba € N,
and blLal, szag.

3.3 Lifting Rewriting Trees into Proof Trees

Let us now observe the derivation tree of — starting from an element ¢t € M
which is any instance of a term f(x1,...,2,,) for some function symbol f € F,
and variables x1, ..., Ty,.

This derivation tree is simulated, using a lifting mechanism, by a proof tree,
developed from f(z1,...,z,) on 7 (F, X), by alternatively using two main oper-
ations, namely narrowing and abstraction, adapted to the property to be proved
and to the considered reduction relation. Narrowing simulates the reduction pos-
sibilities of elements of M, according to the instances of the narrowed terms. The
abstraction process simulates sequences of reductions steps in the derivations,
which are valid under the induction hypothesis. More precisely, it consists of re-
placing subterms by special variables, denoting any of their P-canonical forms,
without computing them. It is performed on subterms whose instances can be
assumed to satisfy the proposition P by induction hypothesis.

The schematization of derivation trees is achieved through constraints. Each
node of the developed proof trees is composed of a current term of 7 (F, X') and
a constraint progressively built along the successive abstraction and narrowing
steps. A node schematizes the set of elements of M given by the instantiations
of the current term, that are solutions of the constraint.

The constraint is in fact composed of two kinds of formulas: ordering con-
straints, set to warrant the validity of the inductive steps, and abstraction con-
straints combined to narrowing substitutions, which effectively characterize sets
of elements of M. The latter are actually useful for controlling the narrowing
process, well known to easily diverge.

3.4 The Overall Mechanism

Let us now consider a proof tree whose root is the pattern f(z1,...,z,,) and
see how we can schematize the reduction relation on instances of f(z1,...,Zm),
with abstraction and narrowing applied on a current term ¢ of the proof tree:
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— first, some subterms t; of the current term ¢ of the proof tree are selected: if
Of(x1,...,2m) > 0t; for the induction ordering > and for every 6 solution
of the constraint associated to ¢, we may suppose, by induction hypothesis,
that the 6¢; satisfy the proposition P. The t; are then replaced in ¢ by
abstraction variables X; representing respectively any of their P-canonical
forms t;|}. Reasoning by induction allows us to suppose the existence of the
t;l without explicitly computing them;

— second, narrowing the resulting term u = t[X;];eqi,,...5,} (Where iq,... i)
are the positions of the abstracted subterm ¢; in ¢) into terms v, according
to the possible instances of the X;. In general, the narrowing step of u is
not unique, but we consider a set of narrowing steps simulating the rele-
vant reductions of the instantiations of u (characterized by the constraint
associated to u).

Then the problem of proving P on the instantiations of ¢ is reduced to the
problem of proving P on the instantiations of v. If 6f(x1,...,2,,) = v for
every instantiation @ solution of the constraint associated to v, by induction
hypothesis, fv is supposed to satisfy P. Otherwise, the process is iterated on v,
until getting a term ¢’ such that either 6f(xy,...,x,,) = 0t’, or O’ satisfies P.

The proof procedure given in this paper is described by deduction rules ap-
plied with a special control Strat— Rules, that depends on the studied reduction
relation, and on the proposition to be proved. Applying the deduction rules,
according to the strategy, to the initial term f(x1,...,x,,) builds a proof tree.
Branching is produced by the different possible narrowing steps. The proposi-
tion P is established when the procedure terminates because the deduction rules
do not apply anymore and all terminal nodes of all proof trees represent terms
satisfying P.

4 Abstraction, Narrowing, and the Involved Constraints

Let us now formalize the concepts required for our technique, and illustrate them
with some particular cases.

4.1 Ordering Constraints

The induction ordering is constrained along the proof by imposing constraints
between terms that must be comparable, each time the induction hypothesis is
used in the abstraction mechanism. So inequalities of the form ¢ > wuq, ..., uy,
are accumulated and are called ordering constraints.

Definition 3 (ordering constraint). An ordering constraint is a pair of terms
of T(F,X) denoted by (t > t'). It is satisfiable if there is an ordering >, such
that for every instantiation 6 whose domain contains Var(t) U Var(t'), we have
Ot = 0t'. Then we say that > satisfies (t > t'). A conjunction C' of ordering
constraints is satisfiable if there is an ordering satisfying all conjuncts. The empty
conjunction, always satisfied, is denoted by T.
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As we are working with a lifting mechanism on the proof trees with terms of
T(F,X), we directly work with an ordering = on 7 (F,X’) such that ¢ =, u
implies on M that 0t > 6u, for every 6 solution of the constraint associated to
u. Any ordering >, on 7 (F, X) satisfying the above constraints and which is
stable by instantiation fulfills the previous requirements on M. For convenience,
the ordering > r is also written >.

Satisfiability of a constraint conjunction C' of the above form is undecidable
in general. But a sufficient condition is to find an ordering > on 7 (F, X)) which
is stable by instantiation and such that ¢ > ¢’ for any constraint ¢ > ¢’ of C.

When M is 7(F), we often try to solve the constraints of C' by finding
simplification orderings. This is a well-known problem in rewriting. The simplest
and most automatable way to proceed is to test simple existing orderings like
the subterm ordering, the Recursive Path Ordering, or the Lexicographic Path
Ordering. This is often sufficient for the constraints considered here: thanks to
the power of induction, they are often simpler than for termination methods
directly using orderings for orienting rewrite rules. If these simple orderings
are not powerful enough, automatic solvers like Cime [ can provide adequate
polynomial orderings.

4.2 Abstraction

To abstract a term ¢ at positions j € {i1,...,%,}, we assume that the t|; are
such that every instantiation 6¢|; verifies the proposition P. It then reduces to
a P-canonical form 6t|;|}, and we replace the ¢|; by abstraction variables X
representing respectively any of these possible P-canonical forms. Let us define
these special variables more formally.

Definition 4. Let X4 be a set of variables disjoint from X. Symbols of X4 are
called abstraction variables. Instantiations are extended to T (F,X U X4) in the
following way: for any instantiation 6 such that Dom(0) contains a variable
X € X4, 0X is a P-canonical form.

Definition 5 (term abstraction). The term t[t|;];ei, ,...i,} is abstracted into
the term u (called abstraction of t) at positions {i1,...,ip} iff v =
t[X;ljeti,....ip), where the Xj,j € {ix,...,ip} are fresh distinct abstraction
variables.

Term abstraction may involve restrictions related to the choice of abstraction
positions according to the proposition P and the reduction relation —. This is
the case for instance for termination proofs under the outermost strategy, where
7 is an abstraction position only if there is no redex at prefix positions of i.
The proposition P is proved by reasoning on terms with abstraction variables,
i.e. in fact on terms of 7 (F, X UXy). Ordering constraints are extended to pairs
of terms of 7 (F, X U X4). When subterms ¢|; are abstracted by X;, we state
constraints on abstraction variables, called abstraction constraints, to express

! Available at http://cime.lri.fr/
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that their instantiations can only be P-canonical forms of the corresponding in-
stantiations of ¢|;. Initially, they are of the form ¢t = X wheret € 7 (F, XUX,),
and X € X4, but we will see later how they are combined with the substitutions
used for the narrowing process.

4.3 Narrowing

After abstraction of the current term ¢ into ¢[X}] e, ..iip}» We check whether the
possible instantiations of t[Xj]je{il,...,ip} are reducible, according to the possible
values assigned to the X;. This is achieved by narrowing ¢[X;]jci,.....i,}-

To simulate the reduction relation on M, a specific narrowing relation ~- is
chosen in such a way that (7 (F, X U X4),~>) is a P-simulation of (M, —).

Let us give examples of such simulations. In these examples, the relation L
used in Definition 2lis the (E-)subsumption ordering <, possibly with restrictions
expressed via the constraints.

The Case of Rewriting Under Strategies. Let (M, —) be (7 (F), —%). The
narrowing relation depends on the considered strategy S and the usual definition
needs to be refined.

First, in the innermost and outermost cases, to ensure P-simulation, an S-
narrowing redex in ¢ must correspond to an S-rewriting redex in a ground in-
stance of ¢. This is the case only if, in the rewriting chain of the ground instance
of t, there is no rewriting redex anymore in the part of the term brought by the
instantiation. In the innermost case, this condition is fulfilled thanks to normal-
ized instances of abstraction variables. In the outermost case, the condition is
ensured by a variable renaming performed before narrowing [27].

Then, among the ground instances of ¢, there may be innermost (resp. outer-
most) rewriting positions p for some instances, and p’ for some other instances,
such that p’ is a suffix (resp. a prefix) of p. So, when narrowing at some position
p, the set of corresponding ground instances of ¢ is defined by excluding the
ground instances that would be narrowable at some suffix (resp. prefix) position
p" of p. These positions p’ are said S-better than p.

The narrowing steps of a given term ¢ are thus computed in the following way.
After applying the variable renaming to ¢, we look at every non-variable position
p of t such that t|, unifies with the left-hand side of a rule using a substitution
o. The position p is a narrowing position of ¢, iff there is no S-better position p’
of t such that ot|, unifies with a left-hand side of rule. Then we look for every
S-better position p’ than p in ¢ such that ot|,, narrows with some substitution
o’ and some rule I’ — 1/, and we set a constraint to exclude these substitutions.
So the substitutions used to narrow a term have in general to satisfy a set of
disequalities coming from the negation of previous substitutions. To formalize
this point, we need the following notations and definitions.

In the following, we identify a substitution o = (1 +— t1)...(z, — t,) on
T(F,X UX,) with the finite set of solved equations (z1 =t1) A... A (z, =t,),
also denoted by the equality formula A,(z; = ¢;), with 2; € X U X4, t; €
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T(F,X UXy), where = is the syntactic equality. Similarly, we call negation o
of the substitution o the formula \/,(z; # t;).

Definition 6 (constrained substitution). [27] A constrained substitution
o is a formula og N /\j \/ij (xi; # ti;), where og is a substitution.

This leads to an adapted definition of narrowing.

Definition 7 (S-narrowing). [27] A termt € T(F,X U X4) S-narrows into
a term t' € T(F,X U Xa) at the non-variable position p of t, using the rule
l — r € R with the constrained substitution o = oo A /\je[l_k] o, which is

written t ~5 1" iff
oo(l) = oo(tlp) and t' = oo(t[r]p)

where oo is the most general unifier of t|, and l and o;,j € [1..k] are all most
general unifiers of oot|, and a left-hand side ' of a rule of R, for all positions
p’ which are S-better than p in t.

The following lifting lemma generalizes [5I] and states that (7 (F,X),~) P-
simulates (7 (F), —9).

Lemma 1 (S-lifting Lemma). [27] Let R be a rewrite system. Let s €
T(F,X), a a ground substitution such that as is S-reducible at a non variable
position p of s, and Y C X a set of variables such that Var(s) U Dom(a) C ).
If as —>§’ZHT t', then there exist a term s’ € T(F,X) and substitutions 3,0 =

oo A /\je[l..k] o; such that:
1. s Wg,lﬁr,a 3/7
2. ﬁsl = tlv
3. Bog = )]
4. B satisfies A ;i 4 05

where oq is the most general unifier of s|, and I, for j € [1..k] the o; are the
most general unifiers of oos|y with a left-hand side I of a rule of R, for all
positions p’ which are S-better than p in s.

The Case of C-Reducibility. Let (M, —) be (7(F), —r). There we need a
covering property of the narrowed term by narrowing substitutions (see [26]),
and the following lemma.

Lemma 2. [26] Let R be a rewrite system, u a term of T(F,Xa), and X the
set of narrowing substitutions of u for R. If X is covering u, then every ground
instance au of u is such that au —%’ZHT”QU t', for some ground substitution (3,
and we have u W%’l_’r’g v for some v of T(F,Xa), Bo = « on any variable set

Y 2 Var(u) U Dom(a), and t' = fu.
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The Case of Transition Systems. In rewriting logic, a concurrent system
is axiomatized as a rewrite theory modulo some equational axioms with system
transitions described by rewrite rules. As defined in [50], a topmost rewrite
theory is such that E-equivalence classes of ground terms are made of terms of
a given sort and rewrite rules [ — r are such that [ and r are of the same sort.
Such rewrite theories specify concurrent systems in Maude. They enjoy a specific
lifting lemma, thanks to the fact that the relations —r,r and —g g coincide in
this context.

Lemma 3. [50] For a topmost theory (F,E,R), let t in T(F,X) be a non
variable term and V' a set of variables containing Var(t). For some substitution
p, let p(t) —gr g ' using the rule | — r in R. Then there are 0,0,t" such that
t ~% g t" using the same rule | — r, t" is not a variable, p =g (0 o 0) on V
and 6(t") =g t'.

4.4 Cumulating Constraints

Abstraction constraints have to be combined with the narrowing substitutions
to characterize the set of elements of M schematized in the proof trees. A nar-
rowing step effectively corresponds to a rewriting step of instantiations of u if
the narrowing substitution o is compatible with the abstraction constraints as-
sociated to u. Otherwise, the narrowing step is meaningless. So the narrowing
constraint attached to the narrowing step is added to abstraction constraints, to
get an abstraction constraint formula (ACF for short).

In the case of termination under strategies, the ACF may be a complex
formula of the form A;(t: | = ) A N\;(z; = t;) ANV, (w, # v, ), where
ti, )t u,, v, € T(F,XUXa), z; € X UX,4. For specific definitions of an ACF
and its solutions, see [27/20/20].

An ACF A is attached to each term u in the proof trees; its solutions charac-
terize the interesting instantiations of u, i.e. the fu such that @ is a solution of A.
When A has no solution, the current node of the proof tree represents no element
of M. Such nodes are then useless for the proof. Detecting and suppressing them
when applying a narrowing step allows controlling the narrowing mechanism. So
we have the choice between generating only the useful nodes of the proof tree,
by testing the satisfiability of A at each step, or stopping the proof on a branch
on an useless node, by testing the unsatisfiability of A. These are both facets of
the same question, but in practice, they are handled in different ways. Checking
the satisfiability of A is in general undecidable, but sufficient conditions can be
given, relying on a characterization of P-canonical forms. The unsatisfiability of
A is also undecidable in general, but simple automatable sufficient conditions can
be used, very often applicable in practice. They rely on reducibility, unifiability,
narrowing and constructor tests [27].

4.5 Relaxing the Induction Hypothesis

It is important to point out the flexibility of the proof method that allows the
combination with auxiliary proofs of P using different techniques: when the
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induction hypothesis cannot be applied on a term wu, i.e. when it is not possible
to decide whether the ordering constraints are satisfiable, it may be possible to
prove P for any instantiation of u (which is denoted by P({u))) by another way.
When termination properties are addressed, the notion of usable rules [IJ,
adapted to the case of strategies [27UT9T7], can be very useful to prove P.
Moreover, P({u)) is true when, in particular, every instantiation of u is a P-
canonical form. For termination, this is the case when wu is not narrowable, and
all variables of u are abstraction variables in X4. Indeed, by Definition [ and
Lemmal/[Ilfor weak innermost or S-termination of rewriting, every instantiation of
u is a P-canonical form. This includes the cases where u itself is an abstraction
variable, and where u is a non narrowable ground term. P is also true on a
narrowable v whose variables are all in X4, and whose narrowing substitutions
are not compatible with A. As said in Section 4] these narrowing possibilities
do not represent any reduction step for the instantiations of u, which are then
P-canonical forms. For C-reducibility, terms of 7 (C, X4) are P-canonical forms.

5 The Proof Procedure

5.1 Inference Rules

We are now ready to describe the different steps of the proof mechanism pre-
sented in Section
The proof steps generate proof trees in transforming 3-tuples (T, A, C) where

— T is either a singleton containing the current term u of 7 (F, X UX4) or the
empty set,

— A is a conjunction of abstraction constraints. At each abstraction step, con-
straints of the form ul} = X,u € T(F,X UX4),X € X4 are added to A
for each subterm u abstracted into a new abstraction variable X. At each
narrowing step with narrowing substitution o, o is added to A,

— (' is a conjunction of ordering constraints stated by the abstraction steps.

Starting from initial nodes (T = {f(x1,...,2m)}, A=T,C =T),with f € F,
the proof process consists in applying the inference rules described in Table [

In these rules, the satisfiability of A is checked before each narrowing step only.
For the abstraction and stop steps, arguments on variables and the application
order of the rules allow deducing that the satisfiability of A is preserved. For
details and variants on the conditions of the inference rules, especially with
unsatisfiability test of A, see [27].

5.2 How to Combine the Inference Rules

The previous inference rules, applied to every pattern p = f(x1, ..., ), where
T1,...,Tm € X and f € F, are combined with the following control:

Strat— Rules = repeat™(try(abstract), try—dk(narrow), try(stop)).
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Table 1. Inference rules applied on the pattern p = f(x1,...,2Zm)

Abstract: {t}, 4, C
{u}, An N\ thil=X,cn N\ Holtly)
FE{i1,mip} GELi1semyip}
where ¢ is abstracted into w at positions i1,...,i, # €
if CANHeo(tliy)... AN Heo(|ti,) is satisfiable

. {t}, A, C
Narrow: (u}, Aho, C

if ¢t ~, uand A A o is satisfiable

{t}, A, C

Stop: 0, ANHA(t), CAHo(t)

if (C A He(t)) is satisfiable.

and Ha(t) = T if all instantiations of ¢ are P—canonical forms
AW Tt = X otherwise.

T it P((t))
p >t otherwise.

He(t) = {

The control strategy ”repeat™(Th,...,T,)” repeats the control strategies of
the list (T1,..., T3,) until it is not possible anymore. The operator "try” is a
generic operator that can be instantiated, following the given reduction relation,
by try—skip(T), expressing that the strategy or rule T is tried and skipped when
it cannot be applied, or by try—stop(T), stopping the strategy if T cannot be
applied. The operator “try—dk’ is defined like ”¢ry”, but the strategy T has to
be applied in all possible ways (which generates branching nodes in the proof
trees). This is required to generate all narrowing steps simulating the relevant
reductions.

5.3 The General Theorem

Let us assume that the rule Narrow is applied with a narrowing relation such
that (7 (F,XUXy4),~) is a simulation of (M, —). We write SUCCESS(f, ~, >)
if the application of Strat—Rules on ({f(z1,..., Tm)}, T, T), gives a finite proof
tree, whose sets C' of ordering constraints are satisfied by a same ordering >,
and whose leaves are nodes of the form (0, 4, C).

The following theorem is stated provided an emptiness lemma, an abstraction
lemma, a narrowing lemma and a stopping lemma hold (see below). These lem-
mas depend on the proposition P, on the set M and on the relations — and ~,
and are established for each case.

Theorem 1. Let (M, —) be an abstract reduction system, where M is an F-
algebra, P be a proposition to be proved on (M,—), and (T (F,X U X4),~) a
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P-simulation of (M, —). Let T be the subset of constants of F such that the
elements of (I) are irreducible for —. T is assumed to be non-empty. If

— there is a noetherian ordering > such that for each f € F\ I, we have
SUCCESS(f,~,>),
— P is true on (I),

then P is true on M.

Proof. By hypothesis, on (Z), P is true. We may thus restrict our attention to
the elements of M \ (Z), simulated by the patterns f(x1, ..., zp).

Let us prove that 0f(x1,...,x,,) satisfies P for any 6 satisfying A = T if we
have SUCCESS(f,~+,>) for every defined symbol f € F\ Z.

To each node N of the proof tree of f, characterized by a current term ¢ and
the set of constraints A, we associate the set of elements G = {«t | « satisfies A},
that is the set of elements of M represented by V.

Inference rule Abstract (resp. Narrow) transforms ({t}, 4) into ({¢'}, A")
to which is associated G’ = {3t | 3 satisfies A’} (resp. into ({t}}, A}),i € [1..[]
to which are associated G’ = {G;t} | 8; satisfies A;}).

By Abstraction (resp. narrowing) Lemma, applying Abstract (resp. Narrow),
for each at in G, thereis a 5t’ (resp. §;t;) in G’ and such that P is true for G¢’ (resp.
for the G;t}) implies P is true for at.

When the inference rule Stop applies on ({t}, A, C'), A is satisfiable, and then,
by Stopping Lemma, every element of G = {at | « satisfies A} satisfies P.

Therefore, the proposition P is true for all terms in all sets G.

As the process is initialized with {f(x1,...,2,)} and a constraint problem
satisfiable by any instantiation, we get that 6f(x1,...,z,,) satisfies P, for any
f(z1,...,x,) and any instantiation 6. O

The following lemmas are necessary for the proof of Theorem [Il and have to be
proved for each instance of P and —.

Lemma 4 (Abstraction Lemma). Let ({t}, A, C) be a node of any proof tree,
giving the node ({t" = t[X];eqi,,...i,1 1, A, C') by application of Abstract.

For any instantiation « satisfying A, if at is reducible, there is 3 such that P
is true for Bt' implies P is true on at. Moreover, (3 satisfies A’.

The narrowing lemma has two versions, according to the strong (resp. weak)
character of the proposition P to be proved.

Lemma 5 (Narrowing Lemma). Let the narrowing relation used in Narrow
be such that (T (F,X UX4),~>) is a P-simulation of (M, —). Let ({t}, A,C) be
a node of any proof tree, giving the nodes ({v;}, AL, Cl),i € [1..1], by application
of Narrow.

For any instantiation « satisfying A, if at is reducible, then, for each i € [1..1],
there exist 3; such that P is true for all (resp. one of ) the Byv;,i € [1..1], implies
P is true for at. Moreover, (3; satisfies A} for each i € [1..1].

Lemma 6 (Stopping Lemma). Let ({t}, A,C) be a node of any proof tree
with A satisfiable, and giving the node (0, A’,C") by application of an inference
rule. Then for any instantiation « satisfying A, at satisfies P.



58 1. Gnaedig and H. Kirchner

5.4 An Example

Consider the following rewrite system R, taken from [20], which is not terminat-
ing, nor even, because of the rule (2), innermost terminating.

f(g(x),5(0)) — f(g(x), 9(x)) (1)
fg(@),s(y)) — f(h(z,y),5(0)) 2)
9(s(2)) — s(g(z)) 3)

9(0) =0 (4)

Wz, y) — g(x). ()

Let us prove weak innermost termination of R on 7 (F), with F ={f:2,h:
2,g:1,s:1,0:0}. Since the defined symbols of R are f, g, and h, we have to
apply the inference rules to f(x1,x2), g(x1) and h(x1,x2). The proof trees, given
in Figure 1 show how the inference rules are applied. When Narrow applies, we
specify the narrowing substitution, and in parentheses, the rewrite rule number
used to narrow.

For weak propositions, when narrowing produces several steps simulating re-
duction steps for the same set of ground instances, we develop all branches in
parallel to increase the chances to get success, i.e. to get branches ending with
an application of Stop. As soon as one is successful, the other ones are cut.

On the example, the subtree marked by (©) in the proof tree of f is cut as soon
as the subtree generated on the left from f(Xg, s(0)) with the same substitution
(up to a renaming) o = (X¢ = ¢g(X7)) A (X7 # s(Xg) A X7 # 0) is successful.
The final proof trees are bold.

6 Finding P-Canonical Forms for Weak Properties

When P is a weak proposition, computing a P-canonical form with the reduction
relation — in general requires to develop the reduction trees with a breadth-first
strategy to capture the branch leading to the good elements. But such a strategy
is often very costly, and it is much better to have hints about the good derivations
to compute them directly with a depth-first mechanism.

Our proof process, as it simulates the reduction mechanism, gives complete
information on the interesting reduction branches. It allows extracting the exact
application of reduction that yields an interesting form, like a normal form or
a constructor form. The breadth-first strategy is used once, for generating the
proof trees. Then, to reduce an element, it is enough to follow the reduction
scheme simulated by abstraction and narrowing in the proof trees.

When M is 7(F) and — a rewriting relation, a P-canonical form for any
element of M is computed with a reduction strategy ST that is built according
to the proof trees establishing the proposition P.

Definition 8. Let P be a proposition on (T (F),—) proved using Theorem [
The strategy tree STy associated to f € F is the proof tree obtained from the
indtial node ({f(x1,...,2m)}, T, T).
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g(x1) h(x1,x2)
Abstract Abstract
\ \
g(X1) h(Xi,Xz)
HW W
oc=Id Narrow,(5)
Narrow,(3) Narrow,(4) v
s(g(X2)) 0 g(X1)
Stop Stop Stop
\ \ \
0 0 0
f(Xl , Xz)
Abstract
\
f(X1,X2)

g = (Xl = g(X3) NXo = S(X4)) Narrow,(2)
ANXs #s(Xs) AN X3 #£0) ’

f(h(X37 X4)7 S(O))
Abstract

\
o= (Xe = g(X7)) f(XG,S(O))

/\(X7 7é S(Xs) N X7 7é 0
Narrow,(1) Narrow,(2)

f(g(X7),8(X7)) © > f(h(Xo,0),5(0))
Abstract Abstract
\ \
f(Xll,Xlz) f(X1375(0))

o= (X1 = ¢g(X14) AN X12 = s(X15))
N A(X14#S(X16)/\X14#0)
f(h(X14, X15),5(0))

Narrow,(2)

Narrow,(2)
Narrow,(1)

Stop
v v
0 J(g(X17),9(Xa7)) J(h(X19,0),5(0))

Fig. 1. Example. Proof trees for symbols g, h and f.
The computation of a P-canonical form of any element of 7 (F) follows the
strategy trees.

Definition 9. Let P be a proposition on (T (F),—) proved using Theorem [I.
Let ST = {STy | f € F} be the set of strategy trees, and s = f(t1,...,t,) be an
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element of T(F). Computing a P-canonical form cangr(s) with respect to ST
s done in the following way:

—if f €Z, then cangr(s) = cansr(f) = f,

— else cangr(s) is recursively computed as follows: let t be the current term
in the recursive definition and u the corresponding term in STy such that
O(u) =t for some instantiation 6. Then cangr(t) = cangr(t’), where

o if the step applied on u is Abstract, at positions i1, ..., 1p,
ti; 4 if P((uli;))
— A 1. r_ i 1
Y L {CanST(tij) otherwise,
o if the step is Narrow with u ~, .y, u/,
then t' = pu/, for some p such that = puo on Var(u) U Dom(6),
: : t if P((u))
r_
e if the step is Stop, then t' = {canST(t) otherwise.
The previous definition assumes that if the proposition P has been proved on a
particular element ¢ during the proof, one is able to build a strategy to compute
a P-canonical form of ¢. In the case of weak termination proof for instance, a
simple sufficient condition is that ¢ is proved strongly terminating, which can be
established in most cases with the usable rules of t. Under this assumption, the
following theorem has been proved in [20] for the weak innermost termination,
and in [20] for existence of constructor forms.

Theorem 2. Let P be a proposition on (T (F),—) proved with Theorem[d. Let
ST = {STy | f € F} be the set of strategy trees. Then for every elementt € T (F),
cangy(t) is a P-canonical form for —.

In [20] it is shown how, in the previous weak innermost termination example,
Definition [ is used to build a strategy for computing a weak normal form for
any ground term.

7 Applicability of our Inductive Approach

As witnessed by the spectrum of properties it can prove, our inductive proof
method is well-suited to handle properties of reduction relations, and in partic-
ular of rewriting relations. In return, the used ingredients are in general delicate
to handle: satisfiability of term ordering constraints is undecidable, as well as
satisfiability of abstraction constraints. Moreover the narrowing process easily
diverges.

However, in the context where these notions are used, we can deal with
them in a reasonable efficient way. Cariboo [I8I2I], an implementation of our
method for termination under the innermost, outermost and local strategies, al-
lowed us to observe how these notions behave in an operational and practical
way.
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Ordering Constraints. Satisfiability of term ordering constraints can be han-
dled with sufficient conditions based on existing orderings. For instance,
testing simple orderings as the subterm ordering or a lexicographic path or-
dering is sufficient for more than 80% of the innermost examples treated by
Cariboo (most than 200 tested), thanks to the power of induction, and to the
help of usable rules. For the other ones, a constraint solver providing polyno-
mial interpretations gives a solution. The failure cases are due to generated
ordering constraints whose resolution requires to compare abstraction vari-
ables with standard variables, or which cannot be satisfied by simplification
orderings, because of constraints incompatible with term embedding. In the
first case, additional knowledge on normal forms can solve the problem. For
the second case, other orderings must be tried.

For C-reducibility, ordering constraints are easier to solve. Indeed, it can
be assumed that the constructor terms are minimal for the induction order-
ing, which allows us to compare abstraction variables with standard vari-
ables, and avoids the first above failure case.

Abstraction Constraints. As said before, simple and easily implementable
sufficient conditions exist for proving unsatisfiability of A. Meaningless nodes
in proof trees are then automatically detected and the process stops with
success on the current branch.

Sufficient conditions for satisfiability can also be given, relying on a char-
acterization of P-canonical forms. An obvious solution for an abstraction
constraint of the form ¢} = X is ¢ itself if ¢ is a P-canonical form.

Narrowing. Narrowing substitutions, in the same way as abstraction
constraints, restrict the considered sets of instantiations in the nodes of
the proof trees. As the abstraction formula A, collecting both kinds of re-
strictions, is proved to be (un)satisfiable at each step of the proofs, useless
narrowing steps are detected and discarded.

Moreover, for weak properties, as said before, redundant branches gen-
erated by narrowing i.e. branches representing the same sets of ground in-
stances can be detected and cut.

8 Related Work

Several properties considered in our approach are also provable with other meth-
ods. A number of works address the termination property for the innermost,
context sensitive and lazy rewriting strategies. Sufficient completeness has also
been investigated for conditional and typed specifications, in the confluent (every
derivation chain from a given element leads to the same form) and terminating
case. Let us see more in detail how these works relate to our approach.

Innermost Termination. The termination proof for the innermost strategy
has also be tackled with the dependency pair method, designed from 1996
by T. Arts and J. Giesl for universal termination of rewriting [TJ24123]. The
comparison between this method and our approach is not easy to do. In-
deed, several basic ingredients are shared: narrowing, ordering constraints,
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usable rules are present in both contexts. But while the dependency pairs
method is initially based on an analysis of the rules syntax to detect for-
ward closures, our approach was guided by the idea to schematize derivation
trees, which allows us to abstract the reduction relation. Except for the in-
nermost case, handling specific rewriting strategies seems more difficult with
the dependency pair approach.

Simulation by narrowing has been used as the basis of our method, since
1999 [28], to schematize rewriting steps of terms, following their possible
ground instances. In the dependency pair approach instead [I], narrowing has
been introduced to provide a sufficient condition to detect the dependencies
between pairs.

Usable rules have been introduced in the dependency pair approach [I]
for innermost termination. We then have adapted the notion to local strate-
gies [I7], and to the outermost strategy [19], to enrich our inductive proof
principle.

Let us mention another work establishing that orderings suitable for prov-
ing innermost termination have to be at least monotonic after each maximal
parallel innermost rewriting step [16]. A similar structural requirement is ex-
pressed on the induction ordering needed for our inductive approach, through
constraints f(x1,...,x,) > x; for function symbols f in patterns.

Termination under Local Strategies. Many results have recently be given

for termination of the context-sensitive rewriting [45/22/48], which involves
particular kinds of local strategies [46l47].

Local strategies, giving ordered lists of positions to be rewritten in a term,
are more specific than context sensitive strategies, where the order of reduced
positions is not specified. They can enable termination while the context
sensitive strategy diverges [17].

Outermost Termination. Outermost computations are of interest in particu-

lar for functional languages, where interpreters or compilers generally involve
a strategy for call by name. Often, lazy evaluation is used instead: operators
are labeled in terms as lazy or eager, and the strategy consists of reducing the
eager subterms only when their reduction allows a reduction step higher in
the term [53]. Termination of lazy evaluation has been studied for functional
languages (see for example [55] and [25] for Haskell).

A double motivation for studying the outermost computation is that it is
simpler to implement and that lazy evaluation may diverge while the out-
ermost computation terminates [I9]. Up to our knowledge, there is still no
other termination proof method for specifically proving outermost termina-
tion of rewriting.

Weak Termination. The weak termination property has been studied from

several perspectives. For instance, B. Gramlich proved that weak termina-
tion can imply strong termination [31I32] under some syntactic restrictions.
He also established conditions on rewrite systems for the property to be pre-
served by the union operation [33]. J. Goubault-Larrecq proposed a proof
of weak termination of typed Lambda-Sigma calculi in [30]. Beyond these
works and our’s, we are not aware of other techniques for establishing weak
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termination of rewriting. Our method even proves weak termination of sys-
tems that are not innermost strongly terminating.

C-reducibility. Sufficient completeness has already been widely studied, for
example in [355AATIB7T2BEAA6ISB4U7T], but most of the time, the pro-
posed approaches for proving the property need restrictions like termination
and confluence. Under the last two assumptions, sufficient completeness can
also be tackled through ground reducibility (expressing that every ground
instance of a term is reducible) [56I38I3642I8/13], provided the normal form
of a constructor term is again a constructor term [30].

Our approach for proving C-reducibility goes beyond the previous usual
restrictions, proposing for the first time a technique for proving the reach-
ability of constructor forms for programs or rewrite systems that can be
neither confluent, nor terminating. No restriction on the domain is required,
such as the constructor preserving property, or the absence of relation be-
tween constructors. Although our method differs from previous approaches,
we naturally encounter basic notions already used for proving sufficient com-
pleteness, as unification, used in [44], or covering properties used in many
works in the domain, for example in [41J44]. In [5], pattern trees are also
developed, but under the assumption that the rewrite system is terminating
and ground confluent.

9 Conclusion

In this paper, we have presented an inductive proof method for properties of
reduction relations on an abstract reduction system (M, —) where M is an
F-algebra. Let us summarize its main characteristics.

We handle proofs of a proposition P stating a property by observing the
possible derivation trees of the relation —, schematizing them with a narrowing
relation on terms. Several examples have been given where M is 7(F) and
— various rewrite relations. Other applications are suggested and need further
study.

Induction with a noetherian ordering on M is used to modelize subderivations
leading to a P-canonical form, and to stop derivations as soon as P can be sup-
posed true by induction. The inference process is expressed with three inference
steps: an abstraction and a stop step, expressing respectively the above induction
mechanisms, and a narrowing step, simulating the reductions on a given term.
Constraints are heavily used on one hand to gather conditions that the induction
ordering must satisfy, on the other hand to represent the set of instantiations of
terms. The power of deduction with constraints [39] is once more illustrated in
this proof process.

Despite the proof method is strongly based on derivation trees, the induction
relation is not the reduction relation, which is then not required to be termi-
nating. Our approach for proving the property of reduction to a constructor
form [26] nicely illustrates this fact.

An interesting aspect of this technique is that it allows, for weak proper-
ties, the identification of interesting branches leading to P-canonical forms, like
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normal forms or constructor forms. Their computation is guided by the proof
trees of the weak property. How this can be exploited for certifying compilers of
rewrite programs needs to be further explored.
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Abstract. The notion of computability closure has been introduced for
proving the termination of higher-order rewriting with first-order match-
ing by Jean-Pierre Jouannaud and Mitsuhiro Okada in a 1997 draft which
later served as a basis for the author’s PhD. In this paper, we show how
this notion can also be used for dealing with G-normalized rewriting with
matching modulo 7 (on patterns & la Miller), rewriting with matching
modulo some equational theory, and higher-order data types (types with
constructors having functional recursive arguments). Finally, we show
how the computability closure can easily be turned into a reduction or-
dering which, in the higher-order case, contains Jean-Pierre Jouannaud
and Albert Rubio’s higher-order recursive path ordering and, in the first-
order case, is equal to the usual first-order recursive path ordering.

1 Introduction

After Jan Willem Klop’s PhD thesis on Combinatory Reduction Systems (CRS)
[28129], the interest in higher-order rewriting, or the combination of A-calculus
and rewriting, was relaunched by Dale Miller and Gopalan Nadathur’s work on
A-Prolog [38] and Val Breazu-Tannen’s paper on the modularity of confluence
for the combination of simply-typed A-calculus and first-order rewriting [TOJT3].
A year later, Dale Miller proved the decidability of unification modulo 87 for
“higher-order patterns” [36l37], and the modularity of termination for simply-
typed A-calculus and first-order rewriting was independently proved by Jean
Gallier and Val Breazu-Tannen [I1/T2] and Mitsuhiro Okada [40], both using
Jean-Yves Girard’s technique of reducibility predicates [ISIT920]. A little bit
later, Daniel Dougherty showed, by purely syntactic means (without using re-
ducibility predicates), that these results could be extended to any “stable” set
of untyped A-terms [I6/I7], the set of simply-typed A-terms being stable. We
must also mention Zhurab Khasidashvili’s new approach to higher-order rewrit-
ing with his Expression Reduction Systems (ERS) [27].

Then, in 1991, two important papers were published on this subject, both
introducing a new approach to higher-order rewriting: Tobias Nipkow’s Higher-
order Rewrite Systems (HRS) [39133], and Jean-Pierre Jouannaud and Mitsuhiro
Okada’s Executable Higher-Order Algebraic Specification Languages [22/23].
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Tobias Nipkow’s approach is based on Dale Miller’s result: the simply-typed
A-calculus, which is confluent and terminating, is used as a framework for en-
coding higher-order rewriting. He extends to this framework the Critical Pair
Lemma. Jean-Pierre Jouannaud and Mitsuhiro Okada’s approach can be seen as
a typed version of CRS’s (restricted to first-order matching). They proved that
termination is modular for the combination of simply-typed A-calculus, a non-
duplicatingﬁ terminating first-order rewrite system, and an higher-order rewrite
system which definition follows a “general schema” extending primitive recursion.
Later, Vincent van Oostrom and Femke van Raamsdonk compared CRS’s and
HRS’s [46] and developed an axiomatized framework subsuming them [47/49].

The combination of [g-reduction and rewriting is naturally used in depen-
dent type systems and proof assistants implementing the proposition-as-type
and proof-as-object paradigm [6]. In these systems, two propositions equivalent
modulo f-reduction and rewriting are considered as equivalent (e.g. P(2+2) and
P(4)). This is essential for enabling users to formalize large proofs with many
computations, as recently shown by Georges Gonthier and Benjamin Werner’s
proof of the Four Color Theorem in the Coq proof assistant. However, checking
the correctness of user proofs requires to check the equivalence of two terms.
Hence, the necessity to have termination criteria for the combination of -
reduction and a set R of higher-order rewrite rules.

For proving the correctness of the general schema, Jean-Pierre Jouannaud and
Mitsuhiro Okada used Jean-Yves Girard’s technique of reducibility predicates.
Roughly speaking, since proving the (strong) S-normalization by induction on
the structure of terms does not work directly, one needs to prove a stronger predi-
cate. In 1967, William Tait introduced a “convertibility predicate” for proving the
weak normalization of some extension of Kurt Godel’s system T [43]. Later, in
1971, Jean-Yves Girard introduced “reducibility predicates” (called computability
predicates in the following) for proving the weak and strong normalization of the
polymorphic A-calculus [I8/T9]. This technique can be applied to (higher-order)
rewriting by proving that every function symbol is computable, that is, that
every function call is computable whenever its arguments so are.

This naturally leads to the following question: which operations preserve
computability? Indeed, from a set of such operations, one can define the com-
putability closure of a term ¢, written CC(¢), as the set of terms that are com-
putable whenever ¢ so is. Then, to get normalization, it suffices to check that,
for every rule fl — r € R, r belongs to the computability closure of . Ex-
amples of computability-preserving operations are: application, function calls
on arguments smaller than I in some well-founded ordering >, etc. Jean-Pierre
Jouannaud and Mitsuhiro Okada introduced this notion in a 1997 draft which
served as a basis for [8[9]. In this paper, we show how this notion can be extended
for dealing with §-normalized rewriting with matching modulo fn on patterns
& la Miller and matching modulo some equational theory.

Another way to prove the termination of R is to find a decidable well-founded
rewrite relation containing R. A well known such relation in the first-order case

11 — r is non-duplicating if no variable has more occurrences in r than it has in [.
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is the recursive path ordering [41II4] which well-foundedness was initially based
on Kruskal theorem [30]. The first attempts made for generalizing this ordering
to the higher-order case were not able to orient system T [31I32126]. Finally,
in 1999, Jean-Pierre Jouannaud and Albert Rubio succeeded in finding such an
ordering [25] by using computability-based techniques again, hence providing the
first well-foundedness proof of RPO not based on Kruskal theorem. This ordering
was later extended to the calculus of constructions by Daria Walukiewicz [50I51].

Although the computability closure on one hand, and the recursive path or-
dering on the other hand, share the same computability-based techniques, there
has been no precise comparison between these two termination criteria. In [51],
one can find examples of rules that are accepted by one criterion but not the
other. And Jean-Pierre Jouannaud and Albert Rubio themselves use the notion
of computability closure for strengthening HORPO.

In this paper, we explore the relations between both criteria. We start from the
trivial remark that the computability closure itself provides us with an ordering:
let t CR(>) wift = ft and u € CCs (t), where CCs is the computability closure
built by using a well-founded relation > for comparing the arguments between
function calls. Proving the well-foundedness of this ordering simply consists in
proving that the computability closure is correct, which can be done by induction
on >. Then, we remark that the function mapping > to CR(>) is monotone wrt
inclusion. Thus, it admits a least fixpoint which is a well-founded ordering. We
prove that this fixpoint contains HORPO and is equal to RPO in the first-order
case.

2 Terms and Types

We consider simply-typed A-terms with curried constants. See [2] for details
about typed A-calculus. For rewriting, we follow the notations of Nachum Der-
showitz and Jean-Pierre Jouannaud’s survey [15].

Let B be a set of base types. The set T of simple types is inductively defined
asusua: Te T=BeB|T=T.

Let X be a set of variables and F be a set of function symbols disjoint from
X. We assume that every a € X U F is equipped with a type 7, € T. The sets
TT of terms of type T are inductively defined as follows:

—Ifae XUF, thena e 7T,
~IfrxreXandt e TY, then \at € T™==V.,
~IfoeT™VandteTT, then vt € TY.

As usual, we assume that, for all type 7', the set of variables of type T is infi-
nite and consider terms up to a-conversion (type-preserving renaming of bound
variables). Let FV(¢) be the set of variables free in t. Let ¢ denote a sequence of
terms t1,...,t, of length n = [t| > 0.

Let 7(t) denote the type of a term . In the following, writing ¢ : T or ¢T
means that 7(t) = T.
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The set Pos(t) of positions in a term ¢ is defined as usual as words on {1, 2}.
Let t|, be the subterm of ¢ at position p € Pos(t), and t[u], be the term obtained
by replacing in ¢ its subterm at position p € Pos(t) by w.

A term is algebraic if it contains no abstraction and no subterm of the form
at. A term t is linear if no variable free in ¢t occurs more than once in .

The (-reduction is the closure by context of the relation (Axt)u —g t% where
t¥ denotes the higher-order substitution of by w in ¢.

A rewrite rule is a pair of terms [ — r such that [ is of the form fI, FV(r) C
FV(l) and 7(I) = 7(r). Given a set R of rewrite rules, let —pr be the closure
by context and substitution of R. Hence, matching is modulo a-conversion (but
a-conversion is needed only for left-hand sides having abstractions). A rule [ — r
is linear (resp. algebraic) if both [ and r are linear (resp. algebraic).

Given a relation — on terms, let «, —= and —* be its inverse, its reflexive
closure and its reflexive and transitive closure respectively. Let also — () = {t' €
T | t — t'} be the set of reducts of t, and SN(—) (resp. SN (—)) be the set of
terms (resp. of type T') that are strongly normalizable wrt —. Our aim is to prove
the termination (strong normalization, well-foundedness) of — = —gU —pg.

Given a relation >, let >0, >mu and >p.04 respectively denote the lexico-
graphic, multiset and product extensions of >. Note that all these extensions
are well-founded whenever > is well-founded.

3 Computability

In this section, we remind the notion of computability predicate introduced by
William Tait [4344] and extended by Jean-Yves Girard with the notion of neu-
tral term [1920]. Every type is interpreted by a set of computable terms of that
type. Since computability is defined so as to imply strong normalization, the
latter is obtained by proving that every term is computable.

In the following, we assume given a set R of rewrite rules.

Definition 1 (Reducibility candidates). A term is neutral if it is of the
form xv or of the form (Axt)uv. Let — = —gU —p. A reducibility candidate
for the type T is a set P of terms such that:

(1) P C SNT ().

(2) P is stable by —: —(P) C P.

(3) If t - T is neutral and —(t) C P, thent € P.

Let QF be the set of all reducibility candidates for the type T, and Ir be the
set of functions I from B to 27 such that, for all B € B, I(B) € Q%. Given an
interpretation of base types I € Zg, we define an interpretation [T]5 € Q% for
every type T as follows:

— [T = ULk = {v e SNTZY | vt € [T]h, vt € [U]L}-

% simple in [T9)].
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One can check that SN is a reducibility candidate for T'.
We now check that the interpretation of a type is a reducibility candidate.

Lemma 1. If I € Iy then, for all type T, [T]} € OF.

Proof. We proceed by induction on 7. The lemma is immediate for T € B.

AsTsmIlJle now that [T]% € Q% and [U]L € QY. We prove that [T = U]L €

Qh=v,

(1) [T = UJ% € SNT=Y by definition.

(2) Letv € [T = U]k, v € —(v) and t € [T]L. We must prove that v't € [U]%.
This follows from the facts that [U]% € QY, vt € [U]% and v't € —(vt).

(3) Let vT=V be a neutral term such that —(v) C [T = U]% and t € [T]L.
We must prove that vt € [U]%. Since v is neutral, vt is neutral too. Since
[U]L € QF, it suffices to prove that —(vt) C [U]L. Since [T]L € QF,
t € SN and we can proceed by induction on t with — as well-founded
ordering. Let w € —(vt). Since v is neutral, either w = v't with v’ € —(v), or
w = vt’ with ' € —(¢). In the former case, w € [U]% since v’ € [T = U]%.
In the latter case, we conclude by induction hypothesis on #'. a

Finally, we come to the definition of computability.

Definition 2 (Computability). Let I be the base type interpretation such that
I(B) = SNB. A term t : T is computable if t € [T]%.

In the following, we drop the superscript I in [T74.

We do not know how to prove that computability is stable by subterm before
proving that every term is computable. However, since, on base types, com-
putability is equivalent to strong normalization, the subterms of base type of a
computable term are computable. This is in particular the case for the arguments
of base type of a function symbol:

Definition 3 (Accessibility). For all f: T = B, let Acc(f) ={i | T; € B} be
the set of accessible arguments of f.

We now prove some properties of computable terms.

Lemma 2 (Computability properties).

(C1) If t, u and t% are computable, then (Axt)u is computable.

(C2) If every symbol is computable, then every term is computable.

(C3) If ft is computable and i € Acc(f), then t; is computable.

(C4) A term ft : B is computable whenever t are computable and every head-
reduct of ft is computable.

(C5) A symbol f : T = B is computable if every head-reduct of ft is computable
whenever t : T are computable.

(C6) A symbol f is computable if, for every rule fl — r € R and substitution
o, ro is computable whenever lo are computable.
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Proof. (C1) Since (Azt)u is neutral, it suffices to prove that every reduct is
computable. We proceed by induction on (¢,u) with —pr0q as well-founded
ordering (¢ and u are computable). Assume that (A\zt)u — v. If v = t¥,
then t' is computable by assumption. Otherwise, v = (Azt')u with ¢ — ¢/,
or v = (Azt)u’ with u — «’. In both cases, we can conclude by induction
hypothesis.

(C2) First note that the identity substitution is computable since variables are
computable (they are neutral and irreducible). We then prove that, for every
term ¢t and computable substitution 6, ¢t is computable, by induction on .

— Assume that t = f € F. Then, t§ = f is computable by assumption.

— Assume that t = 2 € X. Then, t0 = x0 is computable by assumption.

— Assume that ¢ = Azu. Then, t0 = Azxuf. Let v : V computable. We must
prove that t6v is computable. By induction hypothesis, uf? is computable.
Since uf and v are computable too, by (1), t6 is computable.

— Assume that t = «V=Tv. Then, t§ = ufvf. By induction hypothesis, uf
and vl are computable. Thus, t6 is computable.

(C3) By definition of the interpretation of base types.

(C4) By definition of the interpretation of base types, it suffices to prove that
every reduct of ft is computable. We prove it by induction on ¢ with — 04
as well-founded ordering (¢ are computable). Head-reducts are computable
by assumption. For non-head-reducts, this follows by induction hypothesis.

(C5) By definition of the interpretation of arrow types and (CH).

(C6) After (CH), it suffices to prove that every head-reduct of ft is computable
whenever t are computable. Let ¢’ be a head-reduct of ft. Then, there is
Il — r € R and o such that t = lo and t’ = ro. Thus, ¢’ is computable. O

4 Computability Closure

After the properties (C2) and (CHl), we are left to prove that, for every rule
fl — r € R, ro is computable whenever lo are computable. This naturally leads
us to find a set CCY (1) of terms ¢ such that to is computable whenever lo are
computable: the computability closure of I wrt f.

We can include [ and close this set with computability-preserving operations
like applying a term to another or taking the accessible argument of a function
call.

We can also include variables distinct from FV(I) and allow abstraction on
them by strengthening the property to prove as follows: for all t € CC/ 1), to is
computable whenever lo are computable and o is computable on FV(¢) \ FV(I).

Now, to allow function calls, the idea is to introduce a precedence on function
symbols and a well-founded ordering > on function arguments.

So, we assume given a quasi-ordering >z on F which strict part >z =
>r \ <r is well-founded. Let ~r = >z N <z be its associated equivalence
relation.
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We also assume that every symbol f is equipped with a status staty €
{lex, mul}, such that stat; = stat, whenever f ~z g, defining how the argu-
ments of f must be compared: lexicographically (from left to right, or from right
to left) or by multiset.

Definition 4 (Status relation). The status relation associated to a relation
> is the relation (f,t) >gat (9,u) such that f >z g or f ~7 g andt >gae, u.

Note that the status relation >, is well-founded whenever > so is.
We now formalize the notion of computability closure.

Definition 5. A function CC mapping every fT=8 and IT to a set of terms
CCf(l) is a computability closure if, for all fT=8 1T r e CCf(l) and 0, rf is
computable whenever 10 are computable and 0 is computable on X \ FV(1).

We now check that the computability of symbols, hence the termination of
—g U —pg by ((2), can be obtained by using a computability closure.

Lemma 3. If CC is a computability closure and, for all rule fl — r € R,
r e CC/ (1), then every symbol is computable.

Proof. Tt follows from () and the fact that FV(r) C FV(I). |

We now present a computability closure similar to the one introduced in [8J9]
except that the relation > used for comparing arguments in recursive calls is

(arg) i € CCL(1)
(decomp-symb) gu € CC£ (1) 7€ Acc(g)
ui € CCL(1)

f>ryg
g€ CCL)
fergU=" wPeccly) 1>k,
gu € CCL (1)
uW=Teccla) o ecclu
uv € CCL (1)
x ¢ FV(l)
zeCcl)
ueCCLl) z¢FV()
Azu € CCL (1)

(prec)

(call) “
(app)

(var)

(lam)

Fig. 1. Higher-order computability closure
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replaced by an abstract family of relations (>!);c7. We then prove the correctness
of this abstract computability closure under some condition.

Definition 6 (Closure-compatibility). A relation > is closure-compatible
with a family of relations (>')1e7 if, for all | and 0, t6 = uf whenever t >' u,
t0 and uf are computable, and 6 is computable on X \ FV(I).

Note that any relation stable by substitution > is closure-compatible with itself
(the constant family equal to >). This is in particular the case of the restriction of
the subterm ordering > defined by ¢ > w if u is a subterm of ¢ and FV (u) C FV(¢).

Lemma 4. Let > = (>!)cr be a family of relations. The function CCs de-
fined in Figure[dlis a computability closure whenever there exists a well-founded
relation on computable terms > that is closure-compatible with >.

Proof. We proceed by induction, first on (f,10) with > as well-founded or-

dering (H1), and second, by induction on CCJ; (1) (H2).

(arg) ;0 is computable by assumption.

(decomp-symb) By (H2), guf is computable. Thus, after (CBl), u;0 is com-
putable.

(prec) By (H1), g is computable.

(call) By (H2), uf are computable. Since I >}, . u, > is closure-compatible
with >, 160 and uf are computable, and 6 is computable on X\ FV(l), we have
10 gtat, ub. Therefore, by (H1), gufl is computable.

(app) By (H2), uf and vf are computable. Thus, ufvf is computable.

(var) Since z € X \ FV(1), 6 is computable by assumption.

(lam) Wlog we can assume that 2 ¢ codom(0). Thus, (Azxu)f = \xuf. Let v : 7,
computable. After (C(I), (Azud)v is computable if uf, v and uf? are com-
putable. We have v computable by assumption and uf and uf} computable
by (H2). O

5 B-Normalized Rewriting with Matching Modulo 37

In this section, we show how the notion of computability closure can be extended
to deal with HRS’s [39]. This extends our previous results on CRS’s and HRS’s
[5]. This computability closure approach seems simpler than the technique of
“neutralization” introduced by Jean-Pierre Jouannaud and Albert Rubio in [24].
However, the comparison between both approaches remains to be done.

In HRS’s, rewrite rules are of base type, rule left-hand sides are patterns a la
Miller [37], and rewriting is defined on terms in -normal n-long form as follows:
t =g u if there are p € Pos(t), I — r € R and o in S-normal n-long form such
that t|, = lo [T, and u =t[ro |gT,]p.

We are going to consider a slightly more general notion of rewriting: 3-
normalized rewriting with matching modulo (n, defined as follows: t —r g, u
if there are p € Pos(t), | — r € R and o in f-normal form such that ¢|, is in
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B-normal form, t|, =g, lo and u = t[rc],. Furthermore, we do not assume that
rules are of base type. However, in this case, one can check that, on terms in
f-normal 7-long form, =g C —g,gn—5-

Matching modulo (37 is necessary when a rule left-hand side contains abstrac-
tions. Consider for instance the left-hand side | = DAz (sin(Fx)). With matching
modulo a-conversion only, the term ¢ = DAz(sin u) matches p only if u is of the
form vz. In particular, DAz (sin ) does not match p. Yet, if one substitutes F'
by Azxw in [, then one gets D(Az(sin((Azu)z))) which S-reduces to t.

Take now [ = DAz(Fz). With matching modulo a-conversion only, the term
t = Du matches [ only if u is of the form Azv. In particular, (D sin) does not
match I. Yet, if one substitutes F' by u in [, then one gets DAz(uz) which n-
reduces to ¢ since x ¢ FV(u) (by definition of higher-order substitution).

Higher-order patterns are terms in S-normal 7-long form which free variables
are applied to terms n-equivalent to distinct bound variables. Hence, if [ is a
pattern, ¢t and o are in S-normal form and lo =g, t, then lo —>;§O =, t, where — g,
is the restriction of — g3 to redexes of the form (Axzt)z, that is, (A\at)z — g, t [37].

Now, for proving the termination of —g U —g g, (hence the termination of
the HRS rewrite relation =), it suffices to adapt the notion of computability
by replacing —r by — g, g,. One can check that all the proofs of the computabil-
ity properties are still valid except the one for ((I0) for which we give a new
proof:

Lemma 5 (C@). A symbol [ is computable if, for every rule fl — r € R and
substitution o, ro is computable whenever lo are computable.

Proof. After ((H), for proving that f : T = B is computable, it suffices to prove
that every head-reduct of ft is computable whenever t : T' are computable. Let
t’ be a head-reduct of ft. Then, ft is in S-normal form and there are fl —r € R
and o such that flo —j =, ft and t" = ro. To conclude, it suffices to check
that lo are computable.

To this end, we prove that computability is preserved by n-reduction, 7-
expansion and [p-expansion. Let ¢ be a computable term and let u be a term
obtained from ¢ by n-reduction, n-expansion or fy-expansion. We prove that w is
computable when u is of base type. If u is not of base type then, by applying it
to computable terms of appropriate types, we get a term of base type. On base
types, computability is equivalent to strong normalization. Thus, it suffices to
prove that every reduct of u is strongly normalizable. In each case, we proceed
by induction on ¢t with — as well-founded ordering (¢ is computable).

— fJo-expansion: ¢ «—g, u. If w —g u' then either v/ = ¢ is computable or,

by confluence of § and since 3y makes no duplication, there is ¢’ such that
Bo u'. Now, if u —p v/ then, since R-redexes are in 3-normal form,
the fBy-redex is either above the R-redex or at a disjoint position. Thus, there
is ' such that t —g t’ <o «’. In both cases, we can conclude by induction
hypothesis.

t—pgt —

— n-reduction: t —, u. If u —g v then, by postponement of n wrt 3 (—,—3 C

—>g—>;‘7)7 there is ¢’ such that t —>Z§ t" —y u'. Now, if u —p ' then, since
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R-redexes are in #-normal form, either the n-redex is a [-redex and t —g
u —p t' =, or there is ¢’ such that ¢ —g ¢ — u'. In both cases, we can
conclude by induction hypothesis.

— n-expansion: ¢t «—, 